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FLAT PSEUDOHERMITIAN 3-MANIFOLDS 



CHIN-YU HSIAO AND PO-LAM YUNG 



Abstract. Let (X,T 1,0 X) be a compact orientable embeddable three 
dimensional strongly pseudoconvex CR manifold, where T 1,0 X is a CR 
structure on X. Fix a point p 6 X and take a global contact form 6 so 
that 9 is asymptotically flat near p. (X, T 1 ' ^", #) is a pseudohermitian 
3-manifold. Let G p £ C°°(X \ {p}), G p / 0, with G p (x) ~ tf(a;,p)- 2 
near p, where y) denotes the natural pseudohermitian distance on 
X. Consider the new pseudohermitian 3-manifold with a blow-up of 
contact form (X\{p} , T 1,0 X, G p 6) and let □(, denote the corresponding 
Kohn Laplacian on X \ {p}. In this paper, we prove that the weighted 
Kohn Laplacian Gpdb has L 2 closed range with respect to the volume 
form G p 9f\d9 and the associated partial inverse and the Szego projection 
enjoy some regularity properties near p. As an application, we prove the 
existence of some special functions in the kernel of □;, of specific growth 
rate at p, which are used in the proof of the positive p-mass theorem in 
CR geometry for dimension 3. 
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1. Introduction and statement of the main results 

The study of this paper was motivated by that of a positive p-mass theo- 
rem in Cheng-Malchiodi-Yang [3], where one needs to find special functions 
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in the kernel of the associated Kohn Laplacian on an asymptotically flat 
pseudohermitian 3-manifold of specific growth rate at a given point. Let us 
give a brief description of the story below. 

We consider a compact orientable embeddable three dimensional strongly 
pseudoconvex CR manifold (X, T 1,0 X) with CR structure T 1,0 X. Fix p G X 
and take a contact form 9 so that near p it has the behaviour as described 
in (jl.lOp . (X,T 1,0 X,9) is a pseudohermitian 3-manifold. Assume that the 
Tanaka- Webster curvature is strictly positive. Then, the conformal sublapla- 
cian Lb := — 4A& + R is invertible so near p, there exists a Green function 
G p for which (— 4Ab + R)G P = 165 p , where A& stands for the sublaplacian 
on X and R for the Tanaka- Webster curvature. In CR normal coordinates 
(z,t), (z(p),t(p)) = (see (jl.lOp ). G p admits the following expansion 

G p = ^p- 2 + A + f, fGSip- 1 ), 

where A is some real constant, /) 4 (z,t) = \z\ 4 + t 2 and where £(p m ), m G 
M, denotes the set of all smooth functions g G C°°(X \ {p}) such that 
\dz%dZg\ < C Ptqtr p m -P- ( i- 2r near p, for all p, q, r G N \J {0}, where C p ^ r > 
is a constant (see (jl.lip . for the precise meaning for the space £(p m )). 

Consider the new pseudohermitian manifold with a blow-up of contact 
form (X := X \ {p} , T 1,0 X, 9 := G 2 9) and let db and denote the associ- 
ated tangential Cauchy-Riemann operator and Kohn Laplacian respectively. 
It was introduced in [3] that the pseudohermitian p-mass for (X, T 1,0 X, 9) is 
given by m{9) := limA->o i I{p=A} w i ^ ^' wnere w i stands for the connection 
form of the given CR structure. Under the assumption that the CR Paneitz 
operator is non-negative, it was shown in [3] that there is a (3 G £{p~ l ) with 
□b/3 = £(p 4 ~ 7 ), for every < 7 < 1, such that 



(1.1) m{9) > -c 



x 



n 6 /3 
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Ad9, 



where cq > 0, c\ > are constants independent of (3 and 



denotes 



the pointwise norm of dbj3 induced by 9. Moreover, (jl.ip holds for any 
P G £{p~ l ) with p-p G ^(/5 1+<5 ), for some 5 > 0, and D 6 /3 = £(p 4 ~^), for 
every < 7 < 1. Thus, if we could find such a P in the kernel of then we 
can conclude that the mass m{9) is positive. This is the motivation of this 
paper. The difficulty of this problem comes from the fact that may not 
has L 2 closed range with respect to the volume form 9 f\d9 and, in general, 
it is very difficult to solve the equation. 

To overcome this difficulty, we introduce in this paper the weighted Kohn 
Laplacian D^i := G 2 \Db and we show that D^i has L 2 closed range with 
respect to the weighted volume form mi := G~ 2 9 Ad9. Let L 2 (m\) be the L 2 
space induced by the volume form mi. Then, we have the 1? decomposition 

□ M 7V + n = / on L 2 (mi), 

where ./V : L 2 {mi) — > DomD^i is the partial inverse and LT : L 2 {mi) — > 
(RanDfe i)^ is the orthogonal projection onto (RanD^i)^. Our main result 
(see Theorem ll.2p tells us that for every < 5 < 2, ./V and II can be extended 
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continuously to: 

N:£(p- 2+S )^£(p S ), 

and hence 

(1.3) □ M i\T + II = I on £(p- 2+S ), 

for every < 5 < 2. Now, let jfif be as in (fTTjh Put / := D bA /3 = G 2 p U b ^ G 
£(/S~ 7 ), for every < 7 < 1. From (|1.2|) . we know that 11/ is well-defined 
and JV/ G <f(p 2-7 ), for every < 7 < 1. Moreover, we can show that 11/ = 
(see section 7) and from (|1.3p . we have □^(iV/) = / = □j ); i/3. Thus, if we 
put /3 :=/3-Nf G ^(p" 1 ), then D & /3 = and /? - /3 G £(/5 2 -t), for every 
< 7 < 1. We could solve the problem mentioned above. 

We expect that it is possible to solve this problem by using L p method. 
In [TO], we solve the equation in some LP spaces in a special case. 

The operator \ can be seen as the Kohn Laplacian on the non-compact 
CR manifold X = X \ {p} defined with respect to the natural CR struc- 
ture T lfi X and the " singular" volume form mi . The coefficients of Of, 1 are 
smooth on X but singular at p. This work can be seen for the first time a 
study of this kind of "singular Kohn Laplacians" . It is quite interesting to 
develop some kind of "singular" functional calculus for pseudodifferential op- 
erators and Fourier integral operators and establish a completely microlocal 
analysis for D^i along the lines of Beals-Greiner [JJ, Boutet de Monvel- 
Sjostrand [2] and [9j. We hope that the "singular Kohn Laplacians" will be 
interesting for analysts. 



1.1. Some standard notations. We shall use the following notations: R is 
the set of real numbers, 1+ = {x G R; x > 0}, N = {1,2, . . .}, N = NU{0}. 
An element a = (a%, . . . , a n ) of Nq will be called a multiindex and the length 
of a is: \a\ = a\ + • • • + a n . We write x a = x^ 1 ■ ■ ■ x® n , x = (x\, . . . , x n ), 

u x — u xi u x n ) u Xj — Q Xj i u x — ^xi 1J x n i u % ~ i u m ~ i u xy 

Let z = (zi, . . . , z n ), Zj = X2j-i + ix2j, j = l,...,n, be coordinates of 
C n . We write z a = z" 1 ■ ■ ■ z° = z^ 1 ■ ■ -z% n , f^j- = d% = d% ■ ■ ■ d^, 
d z =7 f- = i( » » » ), j = l,...,n. = = d? 1 ■■■6S n , 

®*i = Wj = \(dx 2] -i + i = • • • ' n - 

Let be a C°° paracompact manifold equipped with a smooth density 
of integration. Let XT2, T*Q, CT£l and CT*Q denote the tangent bundle 
of fi, the cotangent bundle of O, the complexified tangent bundle of and 
the complexified cotangent bundle of SI respectively. Let E be a C°° vector 
bundle over Vt. Let Y C f! be an open set. From now on, the spaces of 
smooth sections of E over Y and distribution sections of E over Y will 
be denoted by C°°(Y,E) and 2>'(Y,E) respectively. Let S"(Y,E) be the 
subspace of &(Y, E) whose elements have compact support in Y. We write 
C^(Y, E) := C°°(Y, E) n S'{Y, E). When E is the trivial bundle VL <g> C, we 
sometimes write C°°(Y), S>'{Y) and <f (Y) instead of C°°(Y,E), 3>'(Y,E) 
and S"(Y,E) respectively. For m G R, we let H m (Y,E) denote the usual 
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Sobolev space of order m of sections of E over Y . Put 

K C (Y,E) = {ue &{Y,E); <pu G H m (Y,E), Vy? G C °°(y)} , 

fl^mp (Y, E) = H£ C (Y, E) n <f (y, £?) . 

Similarly, when £7 is the trivial bundle f2 © C, we sometimes write H m (Y), 
H^ C {Y) and H™ mp (Y) instead of # m (y £), H&(Y,E) and #™ mp (y£) 
respectively. 

1.2. Set up and the main results. Let (X,T l $X,9) be a compact pseu- 
dohermitian 3-manifold, where T 1,0 X is a CR structure on X, 9 is a (smooth) 
contact form associated to T 1,0 X. Note that by the definition of pseudoher- 
mitian manifolds, the Levi form Cg (with respect to 9) is positive definite at 

each point of X. That is, (X^T^-^X) is a strongly pseudoconvex CR man- 
ifold. We recall that T 1,0 X is a complex 1-dimensional subbundle of the 
complexified tangent bundle CTX, satisfying T lfi Xf]T°^X = {0}, where 

T Q ' l X = T^X, and [V, V] C V, where V = C°°(X, T 1,0 X), and 9 is a global 
real non-vanishing 1 form such that 9 pointwise annihilates T l '®X © T® ,l X, 
and Cq is the Hermitian quadratic form on Tx'°X, x G X, defined by 

(1.4) C 6tX (U,V) = ~{S(x),UAV), U,VeT^°X, 

where d is the usual exterior derivative and ( • , • } denotes the duality bracket 
between vector fields and forms. Let T be the unique global real vector field 
determined by 

(1.5) (§,f) = -l, (d0,U AT) = 0, VU G T 1,0 X. 
Let {■]■)§ be the smooth Hermitian metric on CTX given by 

(U\V) § = C § JU,V), U^VeT^X, 

(1.6) l*Oe = IV^, U,V £ T 0,1 X, 
T 1 '°X±T°' 1 X, T±(T 1,0 X © T ' 1 ^), 

Locally, we take Zi G C°°{U, T 1,0 X) so that £^ (Zi,Zj) = 1 at each point 
of U, where U is an open set of X and Zj = Z\. In this paper, we always 
write Z\ to denote such a local vector field and we write Zy := Z\. Then, 
Zi, Zj, T is a local orthonormal frame for CTX with respect to (■]■)§■ 

The Hermitian metric (•]•)§ on CTX induces, by duality, a Hermitian 
metric on the complexified cotangent bundle CT*X that we shall also denote 
by ( • | • ) § . Denote by A ' 1 ! 1 *!" and A 1 '°T*A > the dual bundles of T^X and 
T 1,0 X, respectively. Let D C X be an open set. Let Q 0,1 (D) denote the 
space of smooth sections of A 0,1 T*X over D. Let SIq' 1 be the subspace 
of Q 0,1 (D) whose elements have compact support in D. For / G Q 0,1 (D), 
we denote the pointwise norm |/(x)|| := {f(x)\f(x))g. 

The positive density associated to 9 is given by 

(1.7) m:=9Ad§. 
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The L 2 inner products (• | • )m and (• | •) » § on C°°(X) and f2 0,1 (X) respec- 
tively are given by 



(ti|w)m = / UVTfl, u,v&C°°(X), 
(1.8) 7 * 



We denote by L 2 (m), L 2 ol) (m,0) the completions of C°°(X) and O ' 1 ^) 
with respect to ( • | • )m and ( • | • ) . x respectively. We extend the L 2 inner 
products ( • | • )m and ( • | • ) fh g to L 2 (rh) and L 2 j\(m, 9) respectively. We 
write IH^, Ihll-s, § to denote the corresponding norms. 

Let db denote the tangential Cauchy-Riemann operator on functions 
(1.9) d b : C°°(X) ^^(X). 

We extend db to L 2 (rh) by 

db : Dome?;, C L 2 (rh) — > L 2 Q ^(rh,9), 

where Domdb := {u G L 2 (rh);dbU € L 2 Q 1 ^(m, 9)}. Here for u £ L 2 (m), dbU 
is defined in the sense of distribution on X. In this work, we assume that 



Assumption 1.1. The operator 

db : Domdb C L 2 (m) — > L 2 ^ 

has closed range. 



From now on, we fix p G X and put X := X \ {p}. We assume that near 
p, we can take local CR normal coordinates (z,t), z = x\ + 1x2, defined in 
some small neighbourhood of p such that 

(z(p),t(p))=0, 



d ._d 9 , ^ d 



(1.10) 2. = g~ z - "g t + + ^3= + g t • 



*-(l + !tf «))| + eW »)| +ltf .)|, 



where 



p = p(z,t) := (\z\ 4 + t 2 )i 

and e(p ) denotes a smooth function / € C°°(X) such that / < Cp A near 
p for some C > and similarly for e(/5 3 ) and e(/3 5 )- It is well-known (see 
Proposition 6.8 in [3]) that given a point p € X, we can always find a global 
contact form 6 and local CR normal coordinates (z, t) such that (jl.lOp hold. 
In this work, near p, we always work with this local coordinates (z, t). From 
now on, we extend ptoa positive smooth function on X. Thus, p G C°°(X), 
p > on X and p = (|z| 4 + t 2 )i near p. 

We pause and introduce some notations. Let k £ N. We denote by 
any differential operator of the form L\...L^, where Lj € C°°(X, T 1,0 X 
T 0,1 X), (Lj\Lj) § < 1, j = l,...,k. Let C(p m ) = 0^(p m ), m G R, 
denote the set of all / € C°°(X) such that |/| < Cp m near p, for some 
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C > 0. Let OW(p m ) denote the set of all functions / G 0{p m ) such that 
VJ G ©(p™- 1 ). Similarly, for k G N, k > 2, let C( fc )(p m ) denote the set of 
all functions / G (D(p m ) such that V b f G (p^ 1 ) . Put 

(1.11) £(p m )= fl (fc) (/5 m ). 

fceNU{o} 

Let O C 1 be an open set. For / G C°°(Q), define 

ll/lli<»(n) := SU P 1/(^)1 ■ 

xen 

£{p m ) is a Frechet space with the semi- norms: 

(1.12) V k b (p- m+k u) , «e^ ra ), 

L°°(X) 

for G No- These semi-norms define the topology of £(p m ). We notice that 
for every m G R, Cq'(X) is dense in £(p m ) for the topology of <?(,6 m ), for 
every m' < m. Note that £(/3 m ) C £(p m> ) if m' < m. Let ^4 : £ (p m ) ->■ 
£{p mi ), m,mi G R, be a linear map. We say that A is continuous if ^4 
is continuous with respect to the topologies of £(p m ) and £(p mi ). Let E 
be a vector bundle over X of rank r. Let fx, . . . ,f r be any local frame in 
some small neighbourhood U of p. For m G R, let £(p m , E) be the set of all 
« G C°°(X,£) such that X Uj € £(/S m ), for every x G C§?(U), j = l,...,r, 
where u = + • • • + u r f r on {/, Uj G C°°(X f] U), j = 1, . . . , r. 

Let Gp G C°°(X) be a real valued function such that near p, we have 

(1.13) ° P= 2^ +A + L f €£ ^ 

where A G R is a constant. We assume that G p ^ on 1. Put 

(1.14) 9 = G 2 p 9. 

We consider (X, T^X, 9). Then, (X,T^°X,9) is a non-compact pseudo- 
hermitian 3-manifold. When the Tanaka- Webster curvature R is positive on 
X (see section 1 . 1 in |3j for the definition of Tanaka- Webster curvature) and 
G p is the Green function for — 4A& + R at p, we call (X, T l,G X, 9) an asymp- 
totically flat pseudohermitian manifold, where A b denotes the sublaplacian 
on X, that is, A& is the real part of the Kohn Laplacian with respect to m. 
Put 

(1.15) m:=9Ad9. 

Let ( • | • )g be the Hermitian metric on CT*X , x G X, induced by 9 (see 
the discussion before (|1.7p ). As in (|1.8|) . let ( • | • ) m and ( • | • denote the 
L 2 inner products on C^°(X) and $7q ,:L (X) with respect to m and m, ( • | • )e 

respectively. Let : f^' X (X) — > C^°(X) be the formal adjoint of d b with 
respect to ( • | • ) m and ( • | • ) m fi. That is, 

(d b u\v) m , e = (u\d* b J v) m , u G C °°(X), t> G (X). 

Put 

(1-16) D 6 := dt'% : C °°(X) -»• C °°(X). 
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We extend D b to &'{X) by 

n h :&{X)^&{X), 

[ ' ' (O b u | /) m = (u | LV) m , u G &{X), f G C °°(X). 

In the study of a positive p-mass theorem in [3], it is crucial to be able to 
construct a distribution [3 £ @'(X) in the kernel of such that /3 G C°°(X) 
and /3 satisfies a certain blow-up rate at p (see Theorem ll.4l and Remark ll.5p . 
This will be done in this work. In this paper, we reduce this problem to 
solving another Kohn Laplacian with respect to (•{•)§ and the volume form 
G~ 2 m (see (fL23|) below). 
Put 

(1.18) m 1 :=G- 2 m = G- 2 e A d6 = G 2 p 6 Ad9. 

As in (|1.8|) . let ( • | • ) mi , ( • | • ) § denote the 1? inner products on C^°(X) 
and Q,q' (X) with respect to mi and mi, ( • | ' )e respectively. We denote 
by L 2 (mi), L? Q1 Jmi,§) the completions of Cq°(X), Qq' {X) with respect 
to ( • | • ) mi and ( • | • ) m g respectively. We extend the L 2 inner products 
( • | • ) mi and ( • | • ) mi g to L 2 {mi) and L 2 ^(mi,^) respectively. We write 

I.I . ~ fr» ri£m/^£i tno pnrrpcnnnHi 

lmi> I! Ilmi, 



to denote the corresponding norms. We extend d b to L 2 (m\) 



by 

(1.19) 3 M : Dom9 M C L 2 (m x ) -> L 2 0il) (mi, #), 
where 

Dom9y := {u G L 2 (mi);d b u G L 2 01 )(mi, #)}. 
Here for u G L 2 (mi), d b u is defined in the sense of distribution on X. Let 

(1.20) dl A : Dam 3^ C L 2 0>1) (mi, (?) -> L 2 (mi) 

denote the Hilbert space adjoint of d bj \ with respect to ( • | • ) mi , (• | •) a. 
Let □& i denote the Gaffney extension of the singular Kohn Laplacian given 
by 

Dom D^i 

(1.21) r 9 — — — * l 

= \ s G L (mi); s G Dom9y, d bt \s G Dom9 ft l > , 

and O bi is = d b id bi \s for s G DomDy. By a result of Gaffney, D^i is 
a positive self-adjoint operator (see [131 Prop. 3.1.2]). We extend D b> i to 
&(X) by 

/ D M : 0'(X) -> 0'(X), 

1.22 

(□ b ,iu I /) mi = (u I D M /) mi , « G ^'(X), / G C °°(X). 

Note that for / G C^(X), it is obviously that D b>1 f G C$°(X). It is easy to 
see that 

(1.23) D b>1 u = G 2 p n b u, Vu G &{X). 

The main result of this work is the following 
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Theorem 1.2. With the notations and assumptions above. The operator 

□ 6>1 : DomDy C L 2 (mi) ->■ L 2 {mi) 

has closed range. Let N be the partial inverse o/D^i and let II : L 2 (mi) — > 
KerD^i be the orthogonal projection (see (|1.25p below). Then, for every 
< 5 < 2, N and II can be extended continuously to: 

N : £(p- 2+& ) -> £(p S ), 

(I 24) 

{ ' 1 U:£(p- 2+5 )^S(r 2+S )- 

We have the L 2 decompositions 

n btl N + U = I on L 2 (mi), 
' ' ' NU^x + U. = I on DomD 6) i. 

From (fl~2"4]) and (fL25|) . we have 

(1.26) n b>1 N + U = I on £(p~ 2+<5 ), 

for every < 5 < 2. From (|1.26|) and (|1.24j> . we deduce 

Theorem 1.3. Fix < 6 < 2. If f £ 5 (p _2+(5 ) wt/i n/ = 0, then we can 
find u G £(p 5 ) suc/i i/tai D^iu = /. 

Put 

«0 = X(z,t)-~2 e ^(P^ 1 )' 

\z\ —it 

where x G C°°(X), % = 1 near p, Suppx is in some small neighbourhood of 
p. In section 7, we will show that / := □& iao £ £(p~ 1 ) and 11/ = 0. From 
this, (|1.23p and Theorem II .'6\ we deduce 

Theorem 1.4. We can find a function 

iz 

\z\ —it 



a = x(z,t)— x ) 



with ax G £ (p), smc/i i/iai D&a = 0, where % £ C°°(X) ; % = 1 nearp, Suppx 
is m some small neighbourhood of p. 

Remark 1.5. In Cheng-Malchiodi-Yang [3], it was shown that there is a 
function 

(1-27) A) = x(^,t)-^- + A € ^(P" 1 ) 

|z| — 

with /3i € £(p) and Zy/3i has a special form, where x € C°°(X), X = 1 near 
p, Suppx is in some small neighbourhood of p, such that DbPo € £(p 4-7 ), for 
every < 7 < 1. Put / = \3 bA f3 . From (fT23|) . we know that / = £(p~ 7 ), 
for every < 7 < 1. We can repeat the proof of Theorem 11.41 and conclude 
that 11/ = (see section 7) . From this and Theorem 11.31 we deduce that 
there is a function 

(3 = / 3 + ( 3 2 e£(p- 1 ) 
with p\ € £ (p 2-7 ), for every < 7 < 1, such that = 0, where (3q G 
f^ 1 ) is as in (OTj) . 
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1.3. The outline of the proof of Theorem 11.21 We new give the outline 
of the proof of Theorem [L~2l We first show that D^i has 1? closed range. The 
point of our proof is that we could construct a smooth function tft € C°°{X) 
such that dbip = on I, ^i / on I and near p, we have 

(1.28) ip{z,t) = (2vr)(|z| 2 + it) + R, R = e{p 4 ). 

Put m := G 2 \ip\ 2 m = G 2 p \tp\ 2 §Ad§. As in (jTS]) . let ( • | • ) fh , ( • | • )~ § denote 

the L 2 inner products on C°°(X) and Q 0,1 (X) with respect to m and m, 9 
respectively. We denote by L 2 (fh), L 2 Q1 ^(m,9) the completions of C°°(X), 

Q 0,1 (X) with respect to ( • | • )m an d (•(■)- j respectively. It is easy to see 
that near p, we have 



(1.29) ™ = l + a(z,t), a(z,t) £ £(p 2 ). 

m 

We extend db to L 2 (m) by db ■ Domdb C L 2 {m) — > L? Q1 Jfh,0), where 



wr 

Domdb := {u £ L 2 (fh); d b u G L 2 Q ^(m, 0)}. Since ^ is a CR function, it is 
not difficult to see that 

(1.30) u € DomS^i if and only if G Dom 9;, 
and 

u 

(1.31) dbiu = ipdb— , V« € Dom9(,i. 

v 

Since L 2 (m) = L 2 (m), L 2 ^(fh, 9) = L 2 Q ^(m, #), we have <9ft = 9;, and it is 

easy to see that db ■ Domc^ C L 2 (m) — > L 2 Q ^(fh, 9) has closed range. Com- 
bining this observation with (|l,30p and (jl.3ip . we see that db t i ■ DomSy C 
L 2 (mi) — y L 2 Q1 ^(mi,9) has closed range. From this, we can repeat the 

method of Kohn [12] and conclude that i : Dom D^i C L 2 {m\) — > L 2 (mi) 
has closed range. 

Now, we sketch the proof of (|1.24j) . Let d b ■ Dom^ C L 2 ol ^(m,0) — > 

L 2 (fh) denote the Hilbert space adjoint of db and let = d b db denote the 
Gaffney extension of Kohn Laplacian as (|1.2ip . Note that □& is self-adjoint. 

Since db has closed range, □& has closed range. Let N be the partial inverse 
of and let II be the orthogonal projection onto Ker We have 

□ 6 iV + n = I on L 2 (m), 

(1.32) J „ 

iVDb + n = 7 on Dom D 6 . 

Moreover, from ()1.30p and (|1.3ip . it is straightforward to see that 

N = ipN— on L 2 (mi), 

(1.33) _ * 

II = ibH— on L 2 {m\). 

Thus, to prove (|1.24j) . it is equivalent to prove corresponding properties for 
./V and IT. Let □& be the standard (smooth) Kohn Laplacian defined with 
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respect to the smooth inner products ( • | • )m and ( • | • ) - a. Since d b has 
closed range, has closed range. Let N : L 2 (rh) — > DomDj, be the partial 
inverse of □& and let II : L 2 {m) — > Ker □& be the orthogonal projection. We 
know already that N and II satisfy some kernel estimates (see Christ [5], [6] 
and Koenig [H]). From these kernel estimates and local 1? estimates for d b 
equation, N and II enjoy some cancellation properties and we could prove 
that for every < 8 < 2, N and II can be extended continuously to: 

n : ^(p- 4+<5 ) -> £(/r 4+<5 ). 

From (fL29l) . it is easy to see that D b = D b -g%, g G £(p, ^{K Q ' l T*X, C)). 
Combining this with some algebraic arguments, we have the following for- 
mulas 

(1.35) U(I + R) = 11 on L 2 (fh), 

(1.36) N(I + R) = N-UN on L 2 (m), 

where R = gd b N . Note that R : L 2 {fh) — > L 2 (fh) is continuous and R : 
£(p- 4+s ) -> £(p- 2+5 )Js continuous, V0 < 6 < 2. Fix < 6 < 2. For 
tt G £ (/3~ 4+<5 ), define IIu := flu - URu, Nu := Nu - ILNu - NRu. From 
([L~H]) . we know that Nu,Ru G £ (p~ 2+<5 ) C L 2 (m), thus iV.Ru, ft.Ru and 
ILNu are well-defined and II — ft = —TLR : £(/>~ 4+5 ) — > L 2 (fh) is continuous, 
N-N = -UN - NR : £(p~ A+s ) -)• L 2 (m) is continuous. We conclude that 
N and II can be extended continuously to: 

iv,n : £(p- 4+<5 ) -> ^'(1), 

for every < 5 < 2. 

Taking adjoint with respect to ( • | • )m i n (|l-35p and (|1.36j) . we have 

(1.37) 

(i + R*' m )(u - ft) + (j + i?*' m )fi = n*' m , 

(I + R*>™)(N -N) + (I + R*'™)N = iV*> r7t - N*>™(U - ft) - iV*'™ft 

on £(/r 4+<5 ), for every < 5 < 2, where .R*' m , N*< m and ft*> m are the Hilbert 
space adjoints of R, N and ft with respect to ( • | • )m respectively. Let 
< X ^ C°°(X), x = 1 near p and x = outside some small neighbourhood 
of p. We first notice that iV and II have the following pseudolocal properties 
on X: 
(1-38) 

(1 - x)n, (1 - x)N : £(p- 4+s ) C$°(X) is continuous, V0 < 5 < 2. 
If Suppx is small enough, then / + R*' m x has a continuous inverse 

(I + iT'^xr 1 : £ 2 (^) -> L 2 (m). 
Moreover, by using the kernel estimates and the cancellation property for 
N, we can show that (I + R* ,m x)~ 1 can be extended continuously to: 

(1.39) (/ + R*^xY l ■ £(p~ 4+S ) -> £(p~ 4+<5 ), for every < 5 < 2. 
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From (fTMD . (fL37D . (fL38l) and (fl~39|) . we conclude that 

n = -(/ + - x)n + (i + ^'"x)" 1 ^*'™ 

and IT : £(/3~ 4+<5 ) — > £(/3 _4+l5 ) is continuous, for every < 5 < 2. A similar 
argument shows that 

is continuous, for every < 5 < 2. Finally, from (|1.33j) . we obtain (|1.24p . 

The paper is organized as follows. In section 2, we review some results 
in Christ [5], [6] and [9]. These results will be used in the proof of the 
cancellation properties for N and ft, in the construction of the CR function 
ij) in (jl.28|) and in the proof of the pseudolocal properties for N and IT. In 
section 3, we establish the cancellation properties for N, II and we prove 
(|1.34p and (|1.39p . In section 4, we construct the CR function tp in (|1.28|) . 
In section 5, we prove that D^i has closed range and we prove (jl.33p . In 
section 6, we establish the formulas ()1.35p . ()1.36p and prove the pseudolocal 
properties (|1.38p and then we finish the proof of (|1.24p . In section 7, we 
complete the proof of Theorem 11.41 

Acknowledgements. The authors would like to express their gratitude to Prof. 
Jih-Hsin Cheng, Prof. Andrea Malchiodi and Prof. Paul Yang for suggesting to us 
this beautiful problem and for several useful conversations. The first author would 
like to thank the institute of Mathematics of Academia Sinica, Taiwan, for offering 
excellent working conditions during his visit in July, 2012. 

2. Some properties for the smooth Kohn Laplacian n b 

In this section, we review some results in Christ [5], [6] and [9] that we 
will use later. Let 

(2.1) % : Dom| C L 2 01) (m,^) ->■ L 2 {m) 

denote the Hilbert space adjoint of d b with respect to ( • | • )m and ( • | • ) rh 
Let □& denote the Gaffney extension of Kohn Laplacian given by 

Dom 

(2.2) f 2 - - -*1 
= « el (m); s G Dom 9b, d^s G Dom<9 6 > , 

and fjfts = d b dbS for s € DomDi,. By a result of Gaffney [131 Prop. 3.1.2], 
□b is a positive self-adjoint operator. We recall 

Definition 2.1. Suppose Q is a closed densely defined operator 

Q : H D Dom Q -> Ran Q C H, 

where H is a Hilbert space. Suppose that Q has closed range. By the 
partial inverse of Q, we mean the bounded operator M : H — > H such 
that Q o M = 7T2, M o Q = tt\ on DomQ, where 7Ti, 7T2 are the orthogonal 
projections in H such that Ran7Ti = (KerQ)- 1 -, Ran7i2 = KanQ. In other 
words, for u G H, let 1T2U = Qv, v G (Ker Q) 1 - f] DomQ. Then, Mu = v. 
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Since <9{, has closed range, □& has closed range. Let N : L 2 (m) ->• DomD b 
be the partial inverse of and let II : L 2 (m) — > Kerflb be the orthogonal 
projection. Then, we have 

□ 6 JV + n = I on L 2 (m), 

(2.3) 

N\J b + n = I on DomDfe. 

In [9], we obtained the explicit formulas for the distribution kernels of N 
and II by studying the heat equation for In this work, we only need 
to know some basic properties for N and II. We now review some results 
in [9]. 

We work with some real local coordinates x = (xi,X2,xs) defined on 
an open set Q C X and let £ = £21 £3) or 77 = (771,772,773) denote the 
dual coordinates. We write < x, £ >= xi£i + ^2^2 + ^3^3, < x,r/ >= 
X1771 + X2T72 + ^3%- We identify T*$7 with SlxR 3 , We recall 

Definition 2.2. Let fc G R. 5$ i(T*0) is the space of all a G C°°(T*fi) such 

2 ' 2 

that for every compact set K C £1 and all a G Nq, /3 G Nq, there is a constant 
c a ,p, K > such that |fl£afa(x,0| < c Q ,/3^(l + |£|) fe -^ + ^, (s,0 G T*ft, 
x G -fT. S 1 ! 1 is called the space of symbols of order type (5,5). We write 



0— 00 p. cm coo I I cm 

J i I ~l ImeM I I' II Umel °I I- 

2 ' 2 2'2 2'2 2'2 



Let a(x,£) G 5| i(r*n). We define A(x,y) = ^ /e i<!E -^ > a(x, £)d£ 
2 ' 2 \ 7r ' 

as an oscillatory integral and we can show that ^4 : C^°(r2) — > C°°(fi) 

is continuous and has unique continuous extension: A : — > 

Moreover, j4 is smoothing away the diagonal. That is, \i^X2 is smoothing 

for all xi,X2 S C°°(fi) with Suppxi fl Suppx2 = 0. 

Definition 2.3. Let k G R. A pseudodifferential operator of order k type 
(5, 1) is a continuous linear map A : Cq°(Q) —> such that the distri- 

bution kernel of A is 

A(x,!/) = ^3 Je i<x -y^>a(x,^ 

with a G S 1 ! i(T*n). We call a(x,£) the symbol of A. We shall write 

2 ' 2 

L* 1 (O) to denote the space of pseudodifferential operators of order k type 



2 ' 2 



(i, i). We write L~™ = f] m€R Lfi, Lf L = [j m m L fl- 

2'2 2'2 2'2 2'2 

Let B : C^{VL) — > C°°(0) be a continuous operator. Let B(x,y) de- 
note the distribution kernel of B. We say that B is properly supported if 
Supp-B(x,y) C 0, x Q, is proper. That is, the two projections: t x : (x,y) G 
Suppl?(x,7/) — > x G f2, i a : (x,y) G Supp-B(x,y) ->?/£!! are proper (i.e. 
the inverse images of t x and t y of all compact subsets of £1 are compact). 
For every A G L\ i(fi), we have the decomposition:^ = A' + F, where 

2 '2 

A' G L\ 1 (0) is properly supported and F is smoothing. 

2 '2 

We recall the following classical result of C alder on- Vaillancourt (see chap- 
ter XVIII of Hormander 171). 
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Theorem 2.4. If A G L\ x (0). Then, 

2 ' 2 



A : H s comp (n) -». fl£*(fi) 
is continuous, for all s£R. Moreover, if A is properly supported, then 

A : ffjjn) ff^ fc (^) 
is continuous, for all s EM. 

The following is well-known (see Proposition 7.6 of part I in [9]) 

Theorem 2.5. Lei C X be any local coordinate patch of X. We consider 
N and II are continuous operators on il: 

n ■. c£°{n) @'(n), 
n : c °°(o) -> &(n). 

Then, N G Ll^fi) and ft € L? i(O). 

2 ' 2 2 ' 2 

From Theorem 12.41 and Theorem 12.51 we deduce that 



Theorem 2.6. iV and II are continuous operators: 

N : H S (X) ^ H S+1 (X), VsGM, 
(2.4) „ \ 

n : H S (X) -> H S (X), Vs G R, 

and we can continuously extend N and X to S>'{X). Thus, 

N : @'(X) -> @'(X), 

(2.5) 

n : &{X) -> ^'(X), 

are continuous. Furthermore, we can also continuously extend □& to the 
space S#'(X) by using the fact that □& is a second order partial differential 
operator with smooth coefficients on C°°(X). Then, 

ND b + fl = I on&(X), 

(2.6) , : . 

D b N + n = I on@'(X). 

Moreover, let f G 3>'(X). If f is smooth on an open set ficl, then 

(2.7) Nf G C°°(n), ft/ G C°°(fi). 

We extend % to ^'(X, A°- 1 T*X) by 

(d b u | /)„ = (u | dbf)^, 

where n G 0'(X, A^T*^), / G C 00 ^). 
We also need the following 

Lemma 2.7. We have 

t b N :L 2 (m)^L 2 {0A) (m,6) 
is continuous. Thus, by duality, Nd b : L? Q ^(771,0) — > L 2 (m) is continuous. 
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Proof. Let u G L 2 (m). Since Nu G Domfi&, we have 

(<9 b iVtt | d b Nu)^ = (d b d b Nu | u) A = (D b Nu | it)m = ((J - II) u | u)^. 
Thus, 



d h Nu 



< u| 



The lemma follows. 



□ 



Let "3(x,y) denote the natural pseudohermitian distance on X (see section 
2 of Koenig [11] and Christ [5]). We recall briefly the definition of $(x,y). 
Let U C X be a local coordinate patch and let X U X 2 G C°°(X,T lfi X © 
r ' 1 ^) be local frame for T lfi X © T 0,1 X on U, where X x and X 2 are real 
vector fields. For x,y G J7, "d{x,y) corresponding to Xi,^ is the infimum 
of all r such that there exists an absolutely continuous function <p from [0, r] 
into the coordinate patch, with 0(0) = x, <f>{r) = y, such that for almost all 
t,^ = a{t)X 1 (4>(t)) + b(t)X 2 {<i){t)) with a 2 {t) + b 2 {t) < 1. By using partition 
of unity, we can define $(x,y) on whole manifold X. It is straightforward 
to see that in some small neighbourhood Q of p, there is a constant C > 
such that 



(2.8 



1 

C 



p(x -y)< &(x, y) < Cp(x - y), V(x, y) G Q x 0, 

Vx G 0. 



— p(x) < tf(a?,p) < C/5(x), 



Let iV(a;,y) G ^'(X x X), U(x,y) G ^'(X x X) be the distribution 
kernels of N and IT respectively. From Theorem l2.5l we know that N(x, y) G 
C°°(X x X \ diag(X x X)), fl(x, y) G C°°(X X X \ diag(X x X)). 

We recall that for k G N, we denote by any differential operator of 
L fc , where Lj- G C°°(X, T^X © T ' 1 !), {Lj\Lj) § < 1, 



(Vft)a; denotes such an operator acting in the x variables 



the form Li . 
j = l,...,k. 

and (V^)y acts in the y variables. The following results about pointwise 
estimates for N{x,y) and Ii(x,y) are well-known (see Christ [5], [6]) 

Theorem 2.8. Let k,l G No- Then, there is a constant Cj-i > such that 
for all (x, y) G X x X, x ^ y, 

-l 



(2.9) 



{V$) x {V l b ) y N(x,y) < C k ^(x,y)- 2 - k - 



.,(V b ) y iL(x,y) <C k j0(x,y) 



-A-k-l 



Let consider (0, 1) forms. We introduce some notations. Let E and F be 
a C°° vector bundles over X. From now on, for any continuous operator 
H : C°°(X,E) -> @'(X,F), we write H(x,y) to denote the distribution 
kernel of H. 

Let G be a C°° vector bundle over X (or X xX). For a function / : X — > G 
(or / : I x I -> G), we define the pointwise norm |/| by using local frames 
and partition of unity and we define ||/[|£oo/jh ( or H/H rcx^v-„ -o-\) in the usual 
way. 



L°°{Xy.X)> 
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Let denote the Gaffney extension of Kohn Laplacian for (0, 1) forms 
given by 

DomDj — < s G L^ x \(rh, 9); s G Dom<9 b , d b s G Dom9j > , 

and s = dbd b s for s G DomDj . Since db has closed range, it is 
well-known that d b and O b have closed ranges (see Kohn [12]). Let IIi : 
L^q 1 ^(m, 0) — > Kei d b be the orthogonal projection and let 

Ni : L 2 (0A) (m,9) DomfiJ 1 ' 
be the partial inverse. We have 

(2-10) / . (M) 

iViDj J +Hi = 7 on DomDj . 

It is well-known that (see [12], [9]) 

(2.11) iVi,f[i : fi ' 1 ^) -»■ ft ' 1 ^)- 

As Theorem 1 2. 5 1 it was shown in [9] that iVi is a pseudodifferential operator 
of order —1 type (3, g) and II 1 is a pseudodifferential operator of order 
type (|, |). 

* _^ 
Let A" and A* be the relative solution operators of db and d b respec- 
_^ ^ ~ ~ 

tively. That is, dbK = I — Hi, d b K* = I — U. It is easy to see that 

K = ~B b Ni, K* = %N and N = KK*. From fl277]) and (I2TTTD . we see that 
K : ft ' 1 (A) -> C°°(i"), A* : C°°(A) n 0,1 (A"). Since A", A* are pseudo- 
differential operators, A(x,y) G C°°(A > xl\diag(A > xl),^(A°' 1 T*X,C)), 
K*(x,y) G C°°(Ax jf\diag(XxX) ) JSf(C,A°' 1 T*X)). The following kernel 
estimates for K(x,y) and K*(x,y) are also well-known (see Christ [6]) 

Theorem 2.9. Lei fc, i G No- Then, there is a constant Cj-i > suc/i £/ia£ 
/or all (x, y) G A x X, x ^ y, 



(2.12) 



^ k bUOyK(x,y) <C k ^(x,y) 



-3-k-l 



(V k b ) x (V b )yK*(x,y) <C ktl 0(x,y) 



-3-k-l 



3. Cancellation properties for N and LT 



In this section, we will use the same notations as in section 2. We know 
already that our N, II, A and A* operators satisfy the kernel estimates (|2.9[) 
and (|2.12p . This was not quite enough to prove our desired theorem. We 
needed slightly more-something that is usually called a cancellation property 
for singular integrals. The main references of this section are Christ [5], [6] 
and Koenig |llj . 

We introduce some notations first. Let U C X be a local coordinate 
patch. On U, let Z ,Z ,9 be the orthonormal basis of CT*X which is 
dual to Z\,Zj,—T. For u G O ' (£/), we write u = uZ 1 and we define 
V k u := (V k u)Z\ ||V*«|| Lao(t0 := \\V k b u\\ Loo{uy 
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For r > 0, r small, put B(x,r) := jy G X; i9(x,y) < rj. Following 
Koenig (see Definition 5.8 in [11]), we make the following definition 

Definition 3.1. A bump function (or (0,1) form) on B(x,r) is a smooth 
function (or (0,1) form) supported in B(x,r). A bump function (or (0,1) 
form) (ft G C(f(B(x,r)) is a normalized bump function (or (0, 1) form) if 



(3.1) 



< C k r~ 

L°°(B(x,r)) 



for all k > 0, where C k > is a constant independent of r. 

Usually we only require the above derivative estimate to be satisfied for 
all < k < N for some large integer N. In that case, we say that (ft is a 
normalized bump function of order N in B(x,r). 

The first goal of this section is to establish the following cancellation 
properties for II, fli, K, K* and N 

Theorem 3.2. Let (ft be a normalized bump function (or (0, 1) form) in the 
ball B(x,r). For every k G No, there is a constant C k > independent of r 
and x such that 

(3-2) ||^n^|| LO o (fl(a , r)) < C k r~\ 

(3-3) IIV^fWlU-OB^r-)) < C k r-\ 

(3-4) ||V£A>|| LOO(B(a , r)) < C k r l ~\ 

(3.5) \\VbK*<f>\\L°°(B(x,r)) < C k r x - k , 



2-k 



(3-6) ||^6^llL»(B(x,r)) < C k r 

Let U C X be an open set. For / G C°°(X), we denote ll/ll^j/) := 
0-uf I f)mi where lu{x) = 1 if % G U, lu{x) = if x £ U. Similarly, for 
g G $7 0,1 (A > ), we denote llffH^j/) := (^U9 I 9)f n Q- The key of the proof of 
Theorem 13.21 is the following L? estimate, which can be proved by microlo- 
calization and simple integration by parts: 

Proposition 3.3. Ift b v = u on B(x,2r), where v G O ' 1 ^), u G C°°{X), 
then for every k G No, there is a constant C k > independent of r and x 
such that 

(3.7) 

\\^b u \\L 2 (B(x,r)) 

< Gk(\\^i~ 1 'Bb'u\\l^(B(x,»)) + r ~ k \\ u \\Li(B{x,2r)) + r~ (fe+1) \\v\\ L 2 {B{x ^ r)) ). 

Proof of Theorem \3.S\ We first prove (|3.2p . Let (ft be a normalized bump 
function in B(x,r). This is the same as showing ||V*(I — IL)<fi\\Loamt xr \-\ < 

C k r~ k . Let v be such that d b v = (I — Tfycft, with v orthogonal to the kernel 
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of d b . Then by (|3.7p , we have 

l|v^(/-n)0|| L 2 (jB(a;jr)) 

< C k (\\V*- lJ 5 b <l>\\ L 2 {BiX)2r)) + r~ k \\(I - fl)0|| L2( B(,,2r-)) 

+ r- ik+1) \\v\\ L 2 {B{Xt2r)) ). 
The first term on the right hand side is bounded by 

Ckr-^Bix^r)^ 2 = C k r 2 ~ k . 

In the second term, we estimate — ^)4>\\L 2 (B(x,2r)) trivially by ||0||_l2(x) — 
C\B(x, r)\ 1 / 2 = Cr 2 (recall 4> is normalized in B(x,r)), so that the second 
term is bounded by C k r 2 ~ k as well. In the last term, we estimate using 
Poincare-type inequality (see Corollary 11.5* of Christ [5]): 

IMlL3(B(*,2r)) <Cr\\(I-Il)(j)\\ L2{jt) <Cr\\(p\\ L2{jt) <Crr 2 . 

Thus altogether, 

||v£(/-n)0|| L2(B(a , r)) <c k r 2 -\ 

and since this holds for all k, by Sobolev embedding, 
\\V k b {I -ti)^\\ Laa{BM) <C k r- k 

as desired. (|3.2p follows. 

Note that the above proof of (|3.2p is very similar to the proof of the kernel 
estimate for II in Christ [5]. A similar proof establishes (|3.3p . 

Now, we prove (|3.4p and ()3.5|) . The proof mimics the proof of the kernel 
estimate of K in Christ [6]. Let ^ be a normalized bump (0, 1) form in the 
ball B(x, r). Let 

u = (I -Il)(ipK0), 
where tp = 1 on B(x, 2r), and is a normalized bump function on B(x, 4r). We 

apply estimate (|3.7p for this u. On B(x, 2r), d b u = (I— IIi)(/>, since ip is iden- 
tically 1 there. So the first term on the right hand side of (|3.7p is bounded 
by Cr 1 ~ k \B(x, 2r)| 1 / 2 = Cr 1 ^ k r 2 , by the cancellation property (|3.3p we just 
proved above. On the other hand, by Proposition B of Christ [6j, since u is 

orthogonal to the kernel of d b , 

\\u\\L*(B(x,2r)) ^ C r p6 n llL2 ( x), 

which implies 

||«IUa( B (x,2r)) < Cr ~ ^Ml^X) + II ( W)^ll L 2 ( x } ) • 

But the first term in the bracket is bounded by IHI^pq < C\B(x, r)\ 1 / 2 = 
Cr 2 , and the second term is bounded by Cr 2 by the kernel estimates on 
K (note <p is supported on B(x,r), while V b ip is supported in an annulus 
B(x, 4r) \ B(x, 2r).) This in turn implies 

\\u\\L2(B(x,2r)) < Crr 2 , 
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and the first term on the right hand side of (|3.7p is bounded by Cr 1 ~ k r 2 . 

—* 

Finally, let v be such that d b v = u. Then 

\\v\\L2(B(x,2r)) < Cr \\ u \\ L 2(X) ^ Cr W^^W I?(X) - C ^ W^W {X) ^ Cr 2 r 2 . 

(The first and the fourth inequality are both applications of Proposition B 
of Christ [6] again.) Thus altogether, || V k u\\ L 2m(x,r)) — Cr 1 ~ k r 2 for all k, 
and by Sobolev embedding, this implies 

\\^b u \\L°°(B(x,r)) < Cr 1 ~ k 

for all k. 

Remember we want the same estimate for K(p in place of u, so as to prove 
(|3,4p . But K<p — u can be computed on B(x,r) fairly easily. In fact, since 

K(f> is orthogonal to the kernel of d b , we have K(p = (I — Il)K(f). So 

K(j) - u = (I - n)(l - if>)K</>. 
Since ip = 1 on B(x, 2r), we have 

K(j) — u = — fl(l — ip)K(j) on B(x,r). 

It follows that for y € B(x,r), 

oo „ 

V fe fc (i^> -u)(y) = -J2 (V b ) k y fl(y, z)(l - ^){z)K<p{z)dz, 

• =1 J2ir<d(z,x)<2i+ 1 r 

SO 

l|Vfe(^0- n)|| L oo (i3{:rir)) 

oo oo 

< ^(2^)- 2 - fc ||^|| i2(B(Xi2J+lr)) < ^(2^)- 2 - fc (2^)p b K0|| L2( ^ } . 
j=l j=l 

(The last inequality is Proposition B of Christ [6].) By estimating the term 
WAUW^ by ||(I - ftiMI^ < ||0|| L2( i) < Cr 2 , we get 

||V 6 fc (K0 - u)\\ L oo {B{x>r)) < Cr- 2 - k rr 2 = Cr 1 ^. 

By combining with the previous estimate on V^u, we get 

||V^|| Loo(B(a , r)) < Cr 1 - fe , 

as desired. (|3.4p follows then. A similar argument proves ()3.5j) . 

Finally, to conclude (|3.6p . recall that N = KK*. If is a normalized 
bump function on B(x, r), let rj be a normalized bump function on i?(x, 4r) 
which equals 1 identically on B(x,2r). Then 

V k b N4> = VtkrfK^ + V k b K{\ - r,)K^. 

The first term can be estimated on B(x,r) by using the fact that r~ x rik*(\) 
is a normalized bump (0,1) form on B(x,4r). The second term can be 
estimated on B(x, r) using the kernel estimates for k, since 1—rj is supported 
outside B(x,4r). Altogether, that shows (|3.6p . and completes the proof of 
Theorem E2J □ 
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Let / G C°°(X) and let U C X be an open set. For m G N, define 



sup 



L°°([/) 



:=sup{|Li---L m /(x)|; x G U,Lj G C°°(X, T 1,0 X © T Q,l X), 
(Lj \ Lj) § < l,j = l,...,m}. 

The constant in Theorem 13.21 may dependent on 0. Moreover, from the 
proof of Theorem 13.21 it is straightforward to see that 

Corollary 3.4. Let (ft be a normalized bump function in the ball B(x,r). 
Let k G No- There is a constant C k > independent of x, r and 4> such that 
(3.8) 

< r^Cki U\\ L ™(B(x,r)) + Yl S11|) 



V k b N<t> 



L ac (B{x,r)) 



L°°(B(a;,r)) 



fe+4 



L°°(B(a;,r)) 



<r 4 C fc ( 



L°°(B(a;,r)) 



+ i up 



V5 



L°°(S(a;,r)) 



Let g G £(/5 _4+5 ), < 5 < 2. It is obviously that g is well-defined as an 
element in @'(X). In view of (|2.5p . we see that the operators Ng and Tig 
are well-defined as elements in 3>'{X\ Moreover, from Theorem 13.21 and the 
kernel estimates of IT and N, we can prove 

Theorem 3.5. Fix < 5 < 2. Let g G £{p- 4+s ). Then, Ng G £{p- 2+s ), 
tig G £{p~ A+& ). Moreover, the operators 

tl : £{p~ 4+s ) -> £(p- 4+ *) 

are continuous. 

Proof. Fix /c G No and fix a point xo 7^ p, xo is in some small neighbourhood 
W of p, where (j2.8|) hold in W. Let r = ^$(xo,p)/2, and r\ be a normalized 
bump function supported in £>(xo,r), with r] = 1 on B{x$,r /2). Then, 

|V£iV 5 (x )| < |V 6 fc iV( w )(x )| + |V fe fc iV((l - r,)g)(x )\ 

and r 4_<5 (rjg)(x) is a normalized bump function on B(xo,r). So by (|3.6p . we 
see that 

\V k b N(rig)(x )\<C k r- 2+S - k , 
where C k > is a constant independent of xo and r. By using (|2.9|) . 
V k N((l — ri)g)(xo) can be estimated by writing out the integrals directly: 

V 6 fc iV((l-77)<7)(xo) = / (V k b N)(x ,y)(l- V )(y)g(y)m(y), 

which can be split into 3 pieces. The first is over where ${y,p) < r; this 
piece is dominated by 



L 



,-2-fc„ 



$(y,p)- A+S m(y) < D k r 



p)<r 



-2+S-k 
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where D k > is a constant independent of xq and r. The second piece is 
over where r < $(y,p) < lOOr; this piece is bounded by 



/ 



r- 2 - k r- A+5 m(y) < E k r- 2+5 ~ k , 

'&(y,p)<W0r 

where E k > is a constant independent of xq and r. (Note we have cut 
off the piece near xq already with 1 — 77.) The last piece is over where 
$(y,p) > lOOr; this piece is bounded by 

$(y,p)- 2 - k i)(y,p)- 4+S m(y) < F k r- 2+5 - k , 

/i%,p)>100r 

where F k > is a constant independent of xo and r. Altogether, 

\V k Ng(x )\<C k r- 2+5 - k 

as desired, where C k > is a constant independent of xq and r. Asimilar 
argument proves that tig € £(/5 _4+<5 ). 

From (|3.8p and the proof above, we conclude that the operators 

N : £(p~ 4+s ) -> £(p- 2+S ), 
ft : £(p- 4+<5 ) -> ^(p- 4+5 ) 
are continuous. □ 

Put A = iV^ : &{X,!^^T*X) -> ^'(X). From ([13]), we see that for 
A;, 2 6 No, we have, 

(3.9) \(V k UV l b ) y A(x,y)\ < C k>l 0(x, y)" 3 "^, V(x, y) elxl, x / y, 

where j > is a constant. Moreover, in view of Lemma [2. 7[ we know that 
A : L 2 ^(m, 0) — >• L 2 {rh) is continuous. By using the kernel estimates (j3.9[) . 
it is easy to see that 

Lemma 3.6. Let u be a bounded measurable (0, 1) form. There is a constant 
C > independent of u such that \\Au\\ Loo ,^ < C\\u\\ Loc ^y 

Proof. From (|3.9p . we see that for any i£l, (4m)(x) is dominated by 

W u \\l°°(x) j\ y)~ 3 ™(y) < c \\u\\ Lac{ x) ' 

where C > is a constant independent of u. The lemma follows. □ 

Let h € f0 5 > JSf(C,A°' 1 r*^')). Put B = Ah : -»• &{X). From 

Theorem 13.51 we see that 



(3.10) S : £(p- 4 + 5 ) -> S(p~ 2+5 ) is continuous, V0 < 5 < 2. 

We assume that ||/i||x<x>(x) i s small enough so that 

(3.11) 

— 2 ^ or an y bounded measurable function u, 
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From (|3.1ip . we see that I — B has a continuous inverse (I — B) -1 : L 2 (fn) — > 
L 2 (m). Note that £{p~ 2+5 ) C L 2 (m). From this observation and using the 

formula that (/ — B)~ l = — B)^ 1 ^ B , (I — B)^ 1 can be continuously 

extended to: 

(I - B)- 1 : £(p~ 4+s ) -»• &(X), for every < 6 < 2, 

and 

(J — — / : £(p~ 4+<5 ) — > L 2 (m) is continuous, for every < <5 < 2. 

Moreover, we have 

Theorem 3.7. With the assumptions and notations above, 

(I - B)- 1 : £(p- AU ) -> £:(p- 4+<J ) 
is continuous, for every < 5 < 2. 

The key of the proof is the following 
Theorem 3.8. Fix < 5 < 2. Ze£ u G £(,3~ 4+<5 ). T/ien, 

(3.12) \\ b3u \\l°°(x) < 00 

and /or every k £f$, we have 



(3.13) 



,~<Ck \\B U \\roo(X\ < °°> 



where Ck > is a constant independent of u. 

Proof. From (ETTUj) . we see that 5u G ^(p-^ 5 ) C £ (/T 3 ) and £ 2 u G ^(/S^ 1 ). 
Thus, hB 2 u is a bounded function and from Lemma 13.61 we see that B 3 u = 
A(hB 2 u) is a bounded function. (|3.12p follows. 

We could prove (|3.13p by induction over k. But for the better under- 
standing, we prove (|3.13p for k = 1 and k = 2 carefully and we will see that 
the method works well for any k G N. Fix xo G X. We have 
(3.14) 

(V b B 5 u)(x ) = [ (V b ) x A(x ,y)h(y)A(y,z)h(z)(B 3 u)(z)m(y)rh(z) = 1+11, 



where 

I = j (V b ) x A(x ,y)(h(y) - h(x ))A(y,z)h(z)(B 3 U ){z)m(y)Mz), 
(3.15) J 

II = / h(xo)(V b ) x A(xo,y)A(y,z)h(z)(B 3 u)(z)m(y)rh(z). 

We first estimate I. Since h G £(p, JSf (C, A°> l T*X)), we have |%) - h(x )\ < 
C$(y,xo), where C > is a constant. Combining this with (|3.9|) . we con- 
clude that 

(V b ) x A(x ,y)(h{y) - h(x ))\ < C^(x ,y)" 3 , 

where C\ > is a constant independent of xo- Thus, 
(3.16) 

|I| <d y t?(a;o,j/)- 3 |(S 4 «)(y)|m(j/) < C x ||B 4 «|| ioo(1) < (7i ||B 3 u|| ioo( ^ } , 



22 



where C\ > 0, C\ > 0, C\ > are constants independent of xq and u. 

Put D(x,z) = j(Vb) x A(x,y)A(y, z)rh{y). We claim that for every m S 
No, we have 

(3.17) \(y?) x D(x,z)\ <C m $(x,zr 3 - m Mx,z) &XxX, x^z, 
where C m > is a constant. 

Proof of the claim. Fix (x,z) G X x X and put r := $(x,z). Let r\ be 
a normalized bump function supported in B(x, |) with 77 = 1 on B(x, |). 
Then, 



(VD^(x^) = / (V b )™ +1 A(x,y)r,(y)A(y,z)m(y) 
(3.18) 7 

+ J (V b )™ +1 A(x, y)(l - z)m(y). 

From (|3.9p . we see that the function y — > r 3 r](y)A(y, z) is a normalized 
bump function on B(x, |). From the cancellation property for ./V (see The- 
orem 001), we conclude that 



(3.19) 



< Cr 



-3—m 



(y b )^ +1 A(x,y)r,(y)A(y,z)m(y) 
where C > is a constant independent of x, z and r. The integral 
(V fe )™ +1 y)(l - »7(y))A(y, z)m(v) 



can be split into 2 pieces. The first is over where | < $(y,x) < lOOr; this 
piece is bounded by 



(3.20) I r- 4 - m $(y,z)- 3 m{y) <Cr- z - n > 



where C > is a constant independent of x, z and r. The second piece is 
over where #(y,x) > lOOr; this piece is bounded by 

(3.21) / $(x,y)- 4 - m i}(x,y)- 3 m(y) <Cr- 3 - m , 

where C > is a constant independent of x, z and r. From (|3.18p . (|3.19|) . 
(ETUD and (|33TD . we obtain (l3T7j) . □ 

Now, we are ready to estimate II. From (|3.17p . we have 

(3.22) |II| < C 2 J $(x ,zr 3 \h(z)(B 3 u)(z)\ rh{z) < C 2 ||£ 3 u|| LOO( ^ , 

where C 2 > 0, C 2 > are constants independent of xo and u. From (|3.16p 
and ()3.22p . we have proved (|3.13p for k = 1. 

Now, we prove (|3.13p for k = 2. Since X is compact, there is a do > such 
that for every x E X, B(x,do) is in a local coordinate patch. Fix xq £ X. 
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Let x e Cg°(B(a? 0) do)) with x=lon B(x , f). We have 

(3.23) 
(V^ 6 n)(x ) 

(Vl) x A(x , y)h(y)A(y, z)h(z)A(z, w)h(w)(B 3 u)(w)m(y)m(z)m(w) 
= V + V , 
where 

V= J (V 2 b ) x A(x ,y)h(y) X (y)(B 5 u)(y)m(y), 
V = / (V^^^o, y)h(y)(l - X {y)){B b u){y)m{y). 



(3.24) 



Since x = 1 on B(xq, 4r), from (|3.9p . it is easy to see that 



|V'| <C / ^(x 0! y)- 5 |(B 5 «)(2/)|m(y) 
(3.25) Mv,*o)>% 

<^0 5 ||^ILo O(1) <C'|| J B 3 n|| Loo( ^ ) , 

where C>0, C>0, (7>0 are constants independent of xo and u. We 
only need to estimate V. Let x = (xi,X2,xs) or y = (yi ,2/2,2/3) denote 
local coordinates on B{x$, do). By using a local frame, we identify h with a 
smooth function in B(xo, do). Put a^o = ("i, 02,03) and set h'(xo)(y — xq) = 
E?=ift(*o)(2/i-ai). We have 

(3.26) 
V = Vi + v 2 , 



Vi = J (V 2 b ) x A(x ,y)(h(y) - h(x ) - h'(x )(y - x ))x(y)(B 5 u)(y)m(y), 
V 2 = [ (Vl) x A(x ,y)(h(x ) + h\x )(y - x ))x( y )(B 5 u)(y)m(y). 



Put r := $(xq,p). We first estimate Vi . Let 77 be a normalized bump 
function supported in B(xq, 5) with 77 = 1 on B(xq, |). We split Vi into 2 
pieces: 

Vi = v; + v? , 

Vi = J (y 2 b ) x A(x ,y)(h(y) - h(x ) - h'(x )(y - x ))x 
(3.27) 7 ] (y)x(y)(B 5 u)(y)m(y), 

V" = J (V 2 b ) x A(x ,y)(h(y) - h(x ) - h'(x )(y - x ))x 
(1 - ri(y))x(y)(B 5 u)(y)m(y). 
Since h € £{p, if (C, A°^T*X)), we have 

I (My) - M x o) - h'(x )(y - x ))rj(y)\ < Cr' 1 ^(x ,y) 2 ■ 
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From this observation and (|3.9p . we have 
(3.28) 



1 

r 

< C^ixo)- 1 \\B 3 



|Vi| < Ci- / &(x ,y)- 3 \(B 5 u)(y)\m(y) < Cxpixo)' 1 \\B 5 u\ 



\L°°(X) ' 



L°°(X) 



where C\ > 0, C\ > 0, C\ > are constants independent of xq, r and u. 
Since rj = 1 on B(xq, |), we have 

IV/I < C 2 ||£? 5 u|| ^ / #(x ,y)- 5 m(y) 
(3.29) 1 j ^(^)>i 



< ^(xo)" 1 \\ B " V 



3„.„ 



where C2 > 0, C2 > are constants independent of xq, r and it. 
Now, we estimate V2 . Put 

E(x, z) = {V 2 b ) x A(x, y)(h(x ) + h'{x )(y - x )) X {y)A(y, z)m{y). 



We can repeat the proof of (|3.17p and conclude that for every m G No, we 
have 

(3.30) KVMvl^avj^.V^zldxi, x^z, 
where C m > is a constant independent of xq. Note that 

V2 = / E(xq, z)h(z)A(z,w)h(w)(B 3 u)(w)rh(z)m(w). 



We split V2 into 2 pieces: 

v 2 =v 2 +v 2 ', 



(3 31) = J E(xq, z)(h(z) — h(xo))A(z,w)h(w)(B 3 u)(w)m(z)m(w), 

V 2 ' = [ E(x , z)h(x )A(z,w)h(w)(B 3 u)(w) 



Since h € £(p, Jt?{C, A 0,1 T*X)), we have \h(z) - h(x )\ < C#(z,x ), where 
C > is a constant. Combining this with (|3.30p . we conclude that 



(3.32) 



V 2 | <C 3 / $(x ,z)- 3 \(B\)(z)\m(z)<C 3 \\B\\\ Loo{jt) 



< C3 \\B 3 u\ 



L°°(X) ' 



where C3 > 0, C3 > and C3 > are constants independent of xo and u. 
To estimate V^", put F(x,w) = J E(x, z)A(z, w)m(z). We can repeat the 
proof of (|3.17p and conclude that for every m € No , we have 

(V?) x E(x, w) < C m $(x, w)- 3 ~ m ,y{x, w)eXxX, x^w, 

where C m > is a constant independent of xq. From this, we have 

(3.33) |V 2 '| <C J $(x ,w)- 3 \(B 3 u)( W )\m(w)<Co\\B 3 u\\ Loo{jt) , 

where Cq > 0, Cq > are constants independent of xq and u. 
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Prom (|325J, (mD , (13^91) . (T3T32D and (T3T33D . we have proved (^T3l) for 
k = 2. Continuing in this way, we get (|3.13p . □ 

Proof of TheoremUFA Fix < 5 < 2 and let u € £(p~ 4+5 ). We have 



(3.34) 



(I - B) _1 it = u + Bu + 5 2 u + ^ B j u. 

3=3 



From (|SMD , dSHD and (13TT2D . we have 
(3.35) 

L°°(X) 



< 




. + 




. + 


p^ 5 B 2 u 




L°°(X) 




L°°(X) 





L°°{X) 



+ ^2\\Bh 



3=3 



\L°°(X) 



< W~ 5 Biu 

j=0 

< oo. 



L°°(X) 



+ ^2 3 ^' \\B- 



u 



3=3 



L°°(X) 



For ken, from (13341) . (l3TTT]l and (^T3l) . we have 

|| /5 4-5+fcyfe (/ _ j g ) -l u 



L°°(Jf) 



(3.36) 



3+fc 

3=0 
3+fc 



3=0 
3+fc 



3=0 



-4-<5+fcv7fc 



L°°(X) 



L°°(X) 



L°°{X) 



+ j2\\p k ~ 1 v k b B A+k+ u 



3=0 
oo 



L°°(X) 



3=0 



+ ^2^' \\B'' 



3=0 



lL°°(X) 



U \\l™(X) < °°- 



From (13351) and (l336]l . we conclude that (I-B)~ l : £(p _4+5 ) 
is continuous. Theorem 13.71 follows. 



£(p-^ s ) 
□ 



4. The CR function V 

The goal of this section is to show that there exists a function tp € C°°(X) 

such that dt,ijj = and near p, we have ip = |z| 2 + it + R, R = e(/5 4 ) (see 
Theorem I4.4j) . The function ^ plays an important role in this work. 
Until further notice, we work in some small neighbourhood of p. Put 



7° d d 



First, we need 



Lemma 4.1. For any monomial az^z^t^, a £ C, a,/3,7 € No, mi/i a + 
P + 27 > 3, we can ,/ind a polynomial f = Y^f=i djZ aj z°H 7 ^ , ay, fij^j G Nq 7 
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dj G C, j = 1, . . . , m, such that z\f = az a z^t' y and 

dj = if acj + Pj + 2jj ^ a + + 27 + 1, 
(4.1) |Re/(z,i)| < c|z[ 2 (|z| + in a neighbourhood ofp, 

where c > is a constant. 

Proof. We proceed by induction over 7. First we assume that 7 = 0. Given 



a monomial az^z 13 , a G C, a, (3 G No, with a + j3 > 3. Put / 

It is easy to see that z\f = a7z a z^ and (|4.ip hold. Let 7 > 1. Given 
a monomial az a z^t' y , a G C, a, /3,7 € No, with a + /3 + 27 > 3. First, 
we assume that a = ft = 0. By the induction assumption, we can find 
/1 = Ejli djz^z^t^, aj,^j,jj G N , dj £ C, j = 1, . . . , m, such that 

Z^/i = —207 |z| 2 i 7-1 + ia , yz 1 t~ , ~ 1 

and dUT]) hold. Put 

/ = a~zt r — azt 1 + fi . 

It is not difficult to check that z\f = at" 1 and (|4.ip hold. Now, we as- 
sume that a + f3 > 1. By the induction assumption, we can find f\ = 

1)71 



YJLi djz^z^t^, aj,/3j,jj G N , dj G C, j = 1, . . . , m, such that 



a + 1 



and dUD hold. Put 



a + 1 



It is not difficult to check that Z^/ = az a z^t' y and (|4.ip hold. 

The lemma follws. □ 

We say that g is a quasi-homogeneous polynomial of degree d G No if g is 
the finite sum 

a+/3+27=d,a, / 3,7eNo 

We need 

Proposition 4.2. There exists a function tp G C°°(X) such that He<p > 
on X, db^p vanishes to infinite order at p and near p, we have 

ip(z,t) = (2Tr)(\z\ 2 + it) + S, S = e(p 6 ). 

Proof. We assume that the local coordinates (z, t) defined on a small open 
set W C X of p. From Lemma 14.11 and (jl.lOp , it is not difficult to see that 
we can find fj(z, t), j = 6, 7, . . ., where for each j, fj is a quasi-homogeneous 
polynomial of degree j, such that 

m 

(4.2) Z T ((2n)(\z\ 2 + it) + J2 fit*, *)) 6 e(p m+3 ), m = 6, 7, . . . , 
and for each j = 6, 7, . . ., 

(4.3) |Re/j(z,i)| < Cj \z\ 2 (\z\ + \t\) on Wj C cj > is a constant, 
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where Wj is an open set, for each j = 6, 7, Take <j)(z, t) G Cg°(C x R, R + ) 

so that 4>{z,t) = 1 if U 2 | + |i| < ^ and <f>(z,t) = if |z 2 | + |i| > 1. For each 
j = 6,7,.. ., take > be a small constant so that Supp^(^, 4-) C Wj, 

3 3 

(4.4) </>(-, ^)Refj(z,t)< 2-* \z\ 2 

€ j e j 

and for all a, /?, 7 € No, a + /3 + 27 < j, we have 

(4.5) sup 



4)/i(*.*)) 



(M)eSupp<K-,3)l<2^'. 



On II . we put 



z t 

Vl (z,t) = (2vr)(|z| 2 + it) + 0(- -)fj(z,t). 

j= 6 € i e 3 

From (|4.5p . we can check that <pi(z, t) is well-defined as a smooth function 
on W and for all a, /3, 7 G No, a + /3 + 27 = d, d > 6, we have 

dgdP%< P1 \ m = %d!!%fd\ m . 

Combining this with f)4.2f) . we conclude that vanishes to infinite order 
at p. Moreover, from (|4.4p . we have 



00 ^ 

Rev?i(z,t) > \z 2 \ (2vr - ^2~ j ) > - 



2 

i=6 



Thus, Re(/9i > on W. Take x G Co°(W)) X — and x = 1 near P an d 
put </? = x^i € C°°(X). Then, ip satisfies the claim of this proposition. The 
proposition follows. □ 

Let W he & small neighbourhood of p such that |(/?(z,i)| > p(z,t) 2 on W, 
where <p is as in Proposition 14.21 Take x G Cg°(W, M+) so that x = 1 in 
some small neighbourhood of p. Put 

T ~- 

It is easy to check that r is well-defined as an element in 3)'{X). Since db^p 
vanishes to infinite order at p, we have c?&r G C°°(X). Thus, 

n b r g c°°(x). 

Combining this with (j2.7fl . (|2.5p and (|2.6p . we obtain 

(4.6) t = fir + iVDbr = fir — F, 
where F G C°°{X). Thus, 

(4.7) ^b(r + F) = on &{X). 

Take Co > be a large constant so that Re F+Co > Oonl. Since Re ip > 0, 
we conclude that 

(4.8) Re(T + F + C ) > on X. 
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Put 

^ = t + fW 

From (g3D, we know that t + F + C /Oonl. Since t + F + Cq G C°°{X), 
we conclude that ip G C°°(X). Now, we study the behaviour of tp near p. 
Let W' ^ W be a small neighbourhood of p such that x = 1 on W' and 
|(^(F + C ) | < 1 on W. Then, on W, 

<49) * - - IT?^ - i + y( F + Co) e c "^')- 

Thus, 

(4.10) ^ G C°°(l). 
Moreover, from (|4.9p . we can check that near p, 

(4.11) V = (2vr)(|z| 2 + it) + R, R^e{p 4 ). 
Lemma 4.3. We have 

diyip = on X. 

Proof. Put h := t + F + Co and take any g G Oq' 1 ^). We have 
(4-12) (B^ | g)^ 6 = -(B b h | /T 2 ^ = 

since d b h = in the sense of distribution. Thus, dj,ip = on X. Since 
ip G C QC (X), we conclude that d b ip = on X. The lemma follows. □ 

From (j4.8[) , ()4.10p , ()4.1ip and Lemma 14. 3|. we obtain the main result of 
this section 

Theorem 4.4. There is a smooth function ip G C°°(X) such that d b ip = 
on X, t/j ^ on X and near p, we have 

(4.13) ip(z,t) = (2vr)(|z| 2 + it) + R, R = e(p A ). 

In the study of the positive p-mass theorem (see [3]), one needs to find a 
special CR function of specific growth rate on X . More precisely, in [3], one 
needs to find a CR function g G C°°(X) with 

z 

\z\ + it 

near p, where gi G £(p )- By using the proof of Theorem 14.41 we can 
construct a such CR function 

Theorem 4.5. There is a function g G C°°(X) f| 9\X) such that d b g = 
and 

1 / 

9 = -(z + r), 

W 

where ip is as in Theorem\4-4\ an d r G C°°{X), r = e{p 2 )- 
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Proof. We can repeat the proof of Proposition 14.21 with minor change and 
conclude that there is a function r G C°°(X) with r = e(p 5 ) such that 

d b (z + f) vanishes to infinite order at p. Put 

_ 1 , - 
9 = -(z + r). 

W 

Since d b (z + r) vanishes to infinite order at p and d b tp = 0, we have 

(4.14) d b geC°°(X). 
Thus, 

□ b 5eC°°(X). 
Combining this with ([277ji . (|23D and (J22D, we obtain 

g = tig + ND b g = tlg-f, 

where / G C°°(X). Thus, 

5 6 (£+/) = on^'(l). 

Put g = g + /. Then d b g=0 and we can check that <? = ^(z + r + ^/>/) = 
-^(z + r), where r = r + V'/ S C°°(X), r = e(p 2 ). The theorem follows. □ 

5. The closed range property for H b>1 and the relation 

BETWEEN D bj i AND O b 

The goal of this section is to prove that D^i (see (|1.21|) ) has closed range 
and we will compare □& i with another Laplacian O b . 
Let ip be as in Theorem 14.41 Put 

(5.1) m:=G 2 p \ifj\ 2 m = G 2 p \ij\ 2 6 Ad§. 

As in (|1.8p . let ( • | ' )m> (' I ' )m # denote the L 2 inner products on C°°(X) and 
S7 0,1 (X) with respect to fh and fh, {•{•}§ respectively. We denote by L 2 (fh), 
L 2 Q 1 s(m, 0) the completions of C°°(X), f2 0,1 (X) with respect to ( - 1 - )m an d 
( • | • )~ a respectively. We extend the L 2 inner products ( • | • )m and ( ■ | ■ ) ~ * 
to L 2 (fh) and L 2 Q1 ^(fh,9) respectively. We write ||-||^, II 'lime *° denote the 
corresponding norms. Note that 

(5.2) L 2 (m) = L 2 (m), L 2 01) (mJ) = L 2 QA) (mJ). 
It is easy to see that near p, we have 

(5.3) ™ = l + a(z,t), a(z,t) G 8(p 2 ). 
m 

We extend d b to L 2 (fh) by 

(5.4) d b : Domdb C L 2 (fh) -)• L 2 ol) (m,0), 
where 

Dom5ft := {u G L 2 (fh);dbU G L 2 1 - ) (m, 0)}. 
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Here for u 6 L 2 (m), d b u is defined in the sense of distribution on X. Let 



(5.5) 



be the formal adjoint of <9& with respect to ( • | • ( • 



(5.6) 



d b J : Q ' 1 ^) -)■ C°°(X) 



be the formal adjoint of 9^ with respect to (■ | ■ (■ 
forward to see that 



Similarly, let 



It is straight- 



(5.7) 



d b = —d b — , 

m m 

f b f =f b f + g, ge£(p,^(A^T*X,C)) 



We need 



Lemma 5.1. We have d b = d b . That is, Domd b = Domc^ and d b u = d b u, 
for all u £ Dom5fc = Dom<9{,. 

Proof. Let u € Domdb- We claim that u S Dome?;, and <9?,u = dbu. By 
definition, there is a /i € L^ ^ (m, 0) such that 



(5.8) 



•*,/ 



( h \ a )fh§ = ( u \ d b «)m, VaGfiJ 1 ^) 



Note that h = dbu. From (|5.7p and (|5.8fl . we have 
Take Z e ft ' 1 ^). Let 



D 



« |2 2 1 2 1 

x = (xi, £2, £3) € M ; |x| := + |x 2 | + |a; 3 | <r>, r > 0, 



be a small ball. We identify D r with a neighbourhood of p. Take x € 

2 „ r\ 
2/- 



C$°(D r ,R + ), x=lonDi := (a;€ R 3 ; |.r|~ < £ [>. Take < > U. < small and 
put Z e = Z(l- x (f)) efig' 1 ^). Then, 



I 2 - 



|ig x( : 



m < C 



rh — > as e — » 0, 



0, z 



AV / 



a; <er 



m + 



\{zix){- e : 



rn 



< 



Ci 



m — >• as e — > 0, 



where C > 0, Ci > are constants independent of e. We conclude that 



there exist lj £ Oq' 1 ^), j = 1,2,..., such that 
lim 



■ !j- l Wih§ = > lim 
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Combining this with (|5.9p . we have 
( h I Orn e = lim I 1 



,!#.§= lim (u | <9 b /j)^ = (u | 5 6 Om- 



Thus, u € Dom db and <9{,u = 9fcU = h. 

We have proved that if u G Dom <9{, then u G Dom db and <9&u = 

We can repeat the procedure above and conclude that if v G Dom db then 

v G Domdb and d&u = dbv. The lemma follows. □ 

Since db has closed range, db has closed range. Thus, there is a constant 
c > such that 

~ 2 

d b u 



(5.10) 

Let 
(5.11) 



m,0 



> c IM|^ , Vii_LKer <9 b . 



d b : Dom9 6 C L 2 ^(171,6) -4- L 2 (m) 



denote the Hilbert space adjoint of db with respect to ( • | • )^ and (• | •)- ^. 
Let denote the Gaffney extension of Kohn Laplacian given by 

Dom 

(5.12) , ~ ~ ~*. 

= s£i (m); s € Dom 9;,, 3^,5 G Dom<9 6 > , 

and DfoS = d b dbS for s G DomDf,. We have 
Theorem 5.2. The operator 

□ 6 : Dom5 6 C L 2 (m) L 2 (fh) 

has closed range. 

Proof. Let / G DomDj, P|(Ker Ob) ± - It is n °t difficult to see that Kerd;, = 

KercV Thus, / G Dom db f)(Ker db) ± - From this observation and (|5.10|) . 
we have 



□J 



\~ > (p b f | /)« = (5 6 / | a 6 /)~ ^ > c 



2 

TO ' 



where c > is the constant as in ()5.10p . Thus, 



(5.13) 



_ > c ll/H ~, V/GDomD fe f|(Kern fc 



where c > is the constant as in (|5.10|) . From (j5. 13|) . it is easy to see that 
□b has closed range. The theorem follows. □ 

Let L 2 (m\) and L 2 (mi,6) be as in the discussion after ()1.18j) . Note that 



(5.14) 
Thus, 

(5.15) 



mi := in. 

u G L 2 (mi) if and only if tp~ 1 u G L 2 (fh), 

u G L 2 (mi,8) if and only if ip~ 1 u G L 2 (rh, 9), 
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and 
(5-16) 

IMU = |k -1 «L' IMI mi ,0 = \\^~ lv \\m,e ^ U G L2 ( m l)' U G L (0,l)( m l'^' 

(ui I n 2 ) mi = | V ;_1 '"2)m 1 Viti,u 2 e L 2 (mi), 

(vi I «2) mi) e = (V r V I ^^2)^, Vvx,v 2 G L 2 {0tl) (m 1 ,§). 

Let 

(5.17) d* b \[ : f} ' 1 ^) -> C°°(X) 

be the formal adjoint of with respect to ( • | • ) mi , ( • | ■ ) m g. We need 
Lemma 5.3. For v G £l 0,1 (X), we have 

(5.18) W h jv = $Z\il>- 1 v). 

Proof. Let /i G Cq°(X), g G fig' 1 (A"). We have 

(d b h I ff ) mi ^ = (d 6 /* I g |VT 2 ki = ( W^) I r l 9)^e 

= {^- i h 1 5"V i s)k = 1 #r / (V'- i 5)) mii ^. 

(15TT8D follows. □ 

We need 

Lemma 5.4. P^e /iafe 

(5.19) u G Domc^i if and only ifip~ 1 u G Domd;,. 
Moreover, 

(5.20) d},,iu = xpdb(ip u), Vu E Dom9(,,i- 

Proof. Let it G Dom^i. Then, there is a /i G L? ^(mi, 0) such that 

(5.21) (h I a) mu6 = (u I ^;fa) mi) Va G < X (X). 

Note that d^iu := /i. From (|5.18p and (|5.2ip . it is easy to see that 
I g)^ = (h I if>g) mit § = (u \ dl][{i>g)) mi 

(5.22) = {^- l u I il>-%' t {(ij>g))rn 

= (^u I f b ' f gU, Vg G (1° '\X). 

Since i/> _1 /i in L? 01 ,(m,#), from (|5.22|) . we conclude that ip~ 1 u G Domc^ 
and _ 

We have proved that if u G DomcJy then G Domt};, and 

ij)d h (ip~ l u) = db,iu. 

We can repeat the procedure above and conclude that if v G Dom d b then 
ipv G Dome?;, and Tp~ 1 db : i(?pv) = d b v. The lemma follows. □ 
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Theorem 5.5. The operator 

d b>1 : Domd^i C L 2 (mi) -4 L( O1) (mi,0) 

has closed range. 

Proof. Let fj G Domd M , j = 1,2,..., = gj G Z^-g (mi , 9) , j = 

1,2,.... We assume that there is a function g G L? 01 x(mi,#) such that 
lim.j_j.oo \\gj — g\\ § = 0. We are going to show that g G Ranc^i. From 
(157T91) . (IST-Ul) and (joTTBD . we see that 

^"Vi e Domift, i = 1,2,..., 

(5.23) 5 6 (V'- 1 /i)=^ 1 5i6i(o,i)(^^) ) j = 1,2,..., 

Hm ||V -1 5i-V'~ 1 5|L ) = O. 

Since has closed range, we can find h G DomSf, such that d b h = i\)~ x g. 
Put h = ifh G L 2 {mi). From ([oTTU]) and ([5T_U|) . we see that /i G Dom<9 6) i 
and 9ft i/i = g. Thus, g G Randj,i. The theorem follows. □ 

From Theorem 15.51 we can repeat the proof of Theorem 15.21 and conclude 
that 

Theorem 5.6. The operator 

: DomDy C L 2 (mi) -4 L 2 {mi) 

has closed range. 

We need 
Lemma 5.7. We Ziawe 

— * _i — * 

(5.24) u G Dom^ 1 if and on/y u G Dom9 fe . 

Moreover, 

^ ~* 

(5.25) d bl u = i(}d b (ip u), VitGDom<9 61 . 

Proof. Let _ G Domc? fel . We claim that ip~ 1 u G Dom^ and <9 fc (0 _1, u) = 
V' _1 5^ 1 n. Put d bl u = h £ l?(ra\). By definition, we have 

(5.26) (<9 6j i0 | u) mi g = (g \ h) mi , Vg G DomSy. 
From (|5.16p . Lemma 15.41 and (|5.26p . we have 

ov , I = (W I «) miI $ = (pbMf) I «) Wlj e 

(5.27) „ 

= (V>/ I = (/ I ^)m, V/ G Domc> b . 
Thus, _1 u G Domflj and d^ip^u) = _1 /i = tp~ 1 d bl u. 

~* 

We can repeat the procedure above and conclude that if v G Dom d b then 
^ ~ * 

G Dom 9{, j and d b i{ipv) = ipd b v. The lemma follows. □ 
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Let N and N be the partial inverses of □& and □& j respectively and let II 
and II be the orthogonal projections onto KerDfe and KerD^i respectively. 
We have 

□ fe 7V + n = I on L 2 (m), 
^ 5 28 ^ iV5 6 + n = I on DomQ 6 , 

□ 6)1 iV + II= I on L 2 (mi), 
NU ht i+H = I on DomD 6)1 . 

From (|5.15p . (|5. 16[) . Lemma 15.41 and Lemma 15.71 we obtain 
Theorem 5.8. We have 

u G Dom □{,_! if and only if % G Domdf, 

and 

i« = -0Db(— ), Vit 6 Domd&x- 

v 

Moreover, we have 

N = i[;N— on L 2 (mi), 
(5.29) _ * 

LT = ipll— on L 2 (mi), 

V 

where N , LT, N and II are as in (|5.28j) . 

6. The asymptotic behaviour of N and II and the proof of 



Theorem 11.21 

In this section, we will prove Theorem 11.21 First, we will study the as- 
ymptotic behaviour of TV" and II by using the properties of TV" and LI. We 
recall that TV" and LI are as in (|2.3p . 

From now on, we let g G £(p, Jz?(A 0,1 T*X, C)) be as in ([577]) and let g*>™ G 
£(p, Jz? (C, A 0,1 T*X)) be the formal adjoint of g with respect to ( • | • )m an d 
H'W- That is > (5« I w )m = ( u I 9* ,m v) fh! §, for all it G O ' (X), v € 
C °°(xj. We need 

Lemma 6.1. Let v G Dom9&. Then, G Dom<9b and 

db[—v) = —dbv - —g ' v. 
mm m 

Proof. For all a G fin' (X), we have 

(6-1) 

777, — *s/ 777 — *5j 

(— w | d 6 a)m = (—i; | — g)ct)m here we used (|5.7|) 
m m 

-*,/ 

= ( u I (<9& -5)«)m 



|q[)~ a — (g*' m v | a)~ a here we used Lemma I5TT1 



From (|6.ip , we can repeat the procedure in the proof of Lemma 15.11 and 
conclude that 



i-V | 8 b h)ra = (-d b v - - 9 *> m v | h) A$ , vh g n^ix). 

m mm ' 



The lemma follows. □ 
We can prove 

Theorem 6.2. We have Domc^ = Domc^ and 

(6.2) d b u = d b u + gu, Vu G Dom d b = Dom d b . 

Proof. Let u G Dom<9 6 . We claim that u G Dom<9 b and d b u = d b u + gu. 
From Lemma 15. II and Lemma EU we can check that for every v G Domd b , 

777, _ * 

{v I (d b +g)u) ih = (—v | d b u)rh + (v \ gu)^ 
m 

= - ™<f I «)^, § + &*'^ | 

m m m 

= (®bv | u)~j = (5 b v | u)~ § . 

Thus, u G Domd b and d b u = d b u + gu. 

Similarly, for u G Dom flj, we can repeat the procedure above and con- 
—* 

elude that u G T)omd b . The theorem follows. □ 
From Lemma 15. II and Theorem 16.21 we know that 

(6.4) N : L 2 (m) -> DomQj,. 

Let jV*' m ,f[*' m : L 2 (m) — > L 2 {m) be the Hilbert space adjoints of N and IT 
with respect to ( • | • )m respectively. It is easy to see that 

(6.5) N^ = tN^, n*>- = $n$. 

mm mm 

Put 

(6.6) A := g%N = gt b N. 
In view of Lemma 12.71 and (|5.7p , we know that 

(6.7) R : L 2 (m) — > L 2 (ih) is continuous. 
Let 

(6.8) R*'™ : L 2 (m) -> L 2 (m) 

be the Hilbert space adjoint of i? with respect to (-|-)m- Let g*' m G 
£(/i, Jz?(C, A 0,1 T*X)) be the formal adjoint of g with respect to ( • | ■ )m an d 
( • | • ) - a. It is not difficult to see that 
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From (f63D . (TO . (lOl) and Theorem [331 we know that 

(6.10) 

fl,ri*' m : 8{p- A+s ) -> £(/0~ 4+<5 ) are continuous, V0 < 5 < 2, 
iV, iV*>"\ : £ (p~ A+5 ) -> £(p~ 2+s ) are continuous, V0 < 5 < 2. 

We need 

Lemma 6.3. On L 2 (m), we have 

(6.11) n(/ + i?) = n, 

(6.12) (J + i?*'™)n = ft*-™, 

(6.13) N{I + R) = N-Hn, 

(6.14) (/ + i?*>™)iV = N*>™ - N*'™I1. 

Proof. From (|6.4p . we know that iV : L 2 (rh) — > Dom From Theorem [67 
we can check that 

(6.15) B b N + tl = n b N + U + R = I + R. 
From (|6.15p . we have 

(6.16) n(/ + £) = n(Q b iv + n) = nn. 

On the other hand, we have 

(6.17) n = (ND b + n)n = nn. 

From (|6.16p and (|6.17p . we get (|6.1ip . Taking adjoint with respect to ( • | • )„ 
in (I6TTT) . we get (l6TT2|) . 

Now, from Theorem 16.21 we have 

N = (Nn b + H)iV = (NU b + U)N + NR 

(6.18) = N(I -II) + UN + NR 

= N + fliV + iV\R, here we used that fact that iVfl = 0. 

From (|6.18|) . (|6.13|) follows. Taking adjoint with respect to ( ■ | ■ )^ in (|6.13|) . 
we get (|6.14p . The lemma follows. □ 

Now, we can prove 

Theorem 6.4. Let < 5 < 2. N and II can be continuously extended to: 

ft : £(p~ i+& ) -> ^'(1), 

(6-19) ~ „ 

N :£{p- 4+s ) 

and 

II — ft : £(o~ 4+<5 ) — > L 2 (rh) is continuous, 
(6.20) _ „ 

N — N : £(p 4+ ) — > L 2 (m) is continuous. 

Moreover, on £ (p~ 4+<5 ) ; we Ziawe 
(6.21) 

(/ + iT' m )(n - ft) + (/ + ir> m )ft = ft*> m , 

(J + R*>™)(N -N) + (I + R*'™)N = N*>™ - N*^(U - ft) - iV*'™ft. 
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Proof. From (I6JTD and for u G ^p- 4 ^), define 

fin := ftu - URu, 

(6.22) 

iVn := iVn - IIA% - NRu. 

From (^niJ|) . we know that Nu,Ru G f(p" 2+<5 ) C L 2 (m), thus iV\Ru, fti?u 
and IL/Vu are well-defined and II — ft = -I1R : £ {p~ 4+s ) -> L 2 (m) is 
continuous, N — N = —JIN — NR : £(p~ 4:+s ) — s- L 2 (fh) is continuous. We 
obtain (15391) and (j6T20|) . 

In view of (|6.12p and (|6.14p . we see that 

(I + i?*'™)(fi - ft) + (/ + iT'™)ft = ft*'™ on L 2 (m), 

(6.23) (J + J R*'™)(iV-iV) + (/ + i?*^)iV 

= A>>™ - A>>™(ft - ft) - A>'™ft on L 2 (m). 

Let u G £(,S- 4+5 ). Take Uj G Cg°(X), j = 1,2, . . ., Uj -± u in ^( / 5- 4 + 5 '), 
for every 5' < 5. From ([6p, (Oil and (^20j) . we see that (J + i?*'™)(ft - 
![)«.,■ -)•(/ + R*' rJl )(U - fl)u in L 2 (m), (I + A*-™)!^- ->■ (I + £*'™)fhi in 
£(p- 4+5 '), for every 5' < 5, IL*<™Uj -> ft*'™u in f (p"^ 5 '), for every 5' < 5, 
(J + i?*'™)(iV - iV)u i -)•(! + #*'™)(iV - A>)u in L 2 (m), (J + R*'™)N Uj -> 
(I + R*^)Nu in ^(p- 24 ^'), for every 5' < SJSf^uj -»• A"*'™u in £( / r 2+ *'), 
for every 5' < 5, A>'™(ft - n) Uj - iV*'™(n - ft)u in L 2 (m), iV^^ftuj -> 
A>'™ftu in f (/5~ 2+<5 '), for every 5' < <J. Thus, on £(p' i+6 ), 

(I + i?*>™)(ft - ft) + (I + iT'™)ft = ft*'™ 

(J + i?*'™)(iV - JV) + (J + iT'™)A> = A>>™ - A>'™(ft - ft) - A>'™ft. 
We get (|6.2ip . The theorem follows. □ 

Let x G C°°(R 3 ,1 + ), x(M) = 1 if < \ and x(M) = if pfot) > 

1. For any e > 0, e small, set Xs( z ,t) := x(f> ^) an d put 

(6.24) m £ := (1 - x e )m + x e m. 

Then, fh £ is a smooth volume form on X. We can check that for e small, 

(6.25) ^ = 1 + Xe{z,t)a(z,t), a(z,t) £ £{p 2 ). 
m 

We remind that a is as in (j5.3|) . As before, let ( • | • )m £ > ( ' I ' )m denote the 
L 2 inner products on C°°(X) and f2 0,1 (A") with respect to rh £ and m e , ( • | • )a 
respectively. We denote by L 2 {fh £ ), L 2 i\(fh £ , 9) the completions of C°°(X), 
Q 0,1 (X) with respect to (-|-)m e an d ( ' I ' )fh § respectively We extend 
the L 2 inner products ( • | • )m s anci ('l')fn j to L 2 (rh £ ) and L 2 Q ^(to £ , #) 
respectively. Note that for all e > 0, 

L 2 (m £ ) = L 2 (rh) = L 2 (m), L 2 01) (m £ ,6>) = L 2 01) (m,<9) = L 2 01) (m, #). 
As before, we extend df, to L 2 (fh £ ) by 

dfe i£ : Dom5(, i£ C L 2 (m £ ) -> L 2 01) (m £ , #). 
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Note that db, £ = d b = db- Let 

c\ £ : Domd b£ C L 2 01) (m £ ,6) -)• L 2 (m £ ) 

denote the Hilbert space adjoint of <9ft j£ with respect to ( ■ | ■ and ( • | • )m 0" 
We can repeat the proof of Theorem 16.21 and conclude that 

(6 26) f b =\ £ + g £ , g £ e£(p,J?(A°> 1 T*X,C)), 

Su P xG x \9e(x)\ ->• 0, Suppc/ e ->• {p} as e -4 0. 

Let □& e = <9 fe £ 3fe j£ denote the Gaffney extension of Kohn Laplacian. Since 

db £ has closed range, □& £ has closed range. Let N £ : L 2 (m £ ) -> DomD b>£ be 
the partial inverse of □& £ and let II £ : L 2 (m £ ) — >• Ker £ be the orthogonal 
projection. Since fh £ is smooth, N £ and II £ satisfy Theorem 12 .61 Lemma [2 .71 
Theorem 12. 8} Theorem 12.91 and Theorem 13.51 Put 

Re = 9edb,eN £ . 

Then R £ : L 2 (m £ ) — > L 2 {jh £ ) is continuous. Let 

iV £ *'™ fi*'™ i?*'™,: L 2 (m £ ) -4 L 2 (m £ ) 



be the Hilbert space adjoints of N £ , Tl £ and i? £ with respect to 
respectively. We can repeat the procedure above and conclude that 



I in 



Theorem 6.5. Let < 5 < 2. For every e > 0, N £ , U £ , R £ , N*' m , U* £ m 
and R £ ' m can be extended continuously to : 

N £ ,Nr,R £ ,R^ : £(p- 4+S ) -> £(/T 2+5 ), 

(6.27) „ ~ _ , . . . 

n £ ,n*> w :f(p- 4+<5 )^f(r 4+<5 )- 

Moreover, for every e > 0, we /lave 

IT — ITf : ffp -4 " 1 " 5 ) — > L 2 (fh) is continuous, 

(6.28) _ J 

N — N £ : £(p 4+ ) — > L 2 (m) is continuous, 

and on £ (p~~ A+s ), 
(6.29) 

(i + £*>™)(n - n £ ) + (i + £*>™)n £ = n*-™, 

(/ + r*^)(n - n £ ) + (i + r*^)n £ = n*>™ - iv £ *'™(n - n £ ) - iv*'™n £ . 

Let g*' m € JSf (C, A 0,1 T*X)) be the formal adjoint of g £ with respect 
to ( • | • ), n ~ l and ( • | • )~ a. It is easy to see that 



(6.30) R*> m = N*' m d b gp m on £(p~ 4+s ), 2 > 5 > 0. 

Now, we can prove the pseudolocal properties for N and II 

Theorem 6.6. Let < 5 < 2 and let % G C°°(X) wrt/i x = 1 near p. Then, 
for u G £(p~ 4+s ), (1 - x)iV« G C£°(X), (1 - x)n« G CcfW- Moreover, 

(1 - X )N, (1 - X )fi : £(p- 4+S ) C °°(X) 

are continuous. 



Proof. Fix eo > 0, Eq small enough so that Suppg £o f] Supp (1 — x) : 
Take xi € C°°(X) with X i = 1 on Supp<7 £0 and Suppxi f] Supp (1 — x) 
Put 

c eo = -(/ + i£f)n eo +n*f. 

From (^291) and IjOty . we have 

3 (i - x)(n - n eo ) = -(i - x)4*f(n - n £0 ) + (1 - x )c £0 

= -(i - x)4*fxi(n - n eo ) + (i - x)c £0 . 

Let R £ '™ e ° be the adjoint of R £a with respect to ( • | • )m eo . We have 
(6.32) Rlf = r ^R* £ ' fhe °- rY ' 
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Since -R £Q is a pseudodifferential operator, (1 — x)-Re'o 

e ° xi is a smoothing 

operator on X. From this observation, ()6.32j) and (|6.28j) . we conclude that 

(6.33) (1 - x)-fi£o"xi(n - n eo ) : £(p- 4+s ) -> C °°(X) is continuous. 
Moreover, from (|6.27p . we see that 

(6.34) (1 - X )C eo , (1 - X)n £0 : ^(/5- 4+5 ) -> C§°(X) are continuous. 
From (|6.3ip . (|6.33p and (j6.34p . we conclude that 

(6.35) (1 - x)fi : £{p- A+s ) -»• C£°(X) is continuous. 
Put 

(6.36) d £0 = -(/ + Kf)N £0 + iv*f - iv*f (n - n £0 ) - Jv e *f n £0 . 

From (^T29j) and (|6T30]) . we have 

3 (1 " x)(iV - iV eo ) = -(1 - X )Kf{N - N £o ) + (1 - X )D £Q 

= -(1 - X )%fxi(N ~ N £a ) + (1 - x)^ - 

As before, since (1 — x)R*s'™ £ ° Xi is a smoothing operator on X, from (|6.32p 
and (|6.28p . we conclude that 

(6.38) (1 - x)R*e' fh Xi(N - N £0 ) : £(p- 4+s ) -> C^{X) is continuous. 

Now, 

(6.39) 

(i-x)A£f (n-n eo ) 

= (i - x R*f Xl (fi - n £0 ) + (i - x )Kf(i - xi)(n - n £0 ) 

= (i - x)^?^o ~-xi(n - n £0 ) + (i - x^ra - xi)(n - n £0 ). 

Since iV £o is a pseudodifferential operator, (1 — x)^eoXi is a smoothing 
operator on X. From this observation, (|6.27p . (|6.35p and (|6.39[) . we see that 

(6.40) (1 - x)N £ f l (U - n £0 ) : £(p~ 4+6 ) C^(X) is continuous. 
From ([EMD , dSHQD and (l6T2Tj) . we see that 

(6.41) (1 - x)D eo , (1 - X)^e : £(p~ 4+6 ) -> QfW are continuous. 
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From IjOTp . (IQHjl and (|QB . we conclude that (1 - x)AT : f (p- 4+<5 ) -»• 
C^°(X) is continuous. The theorem follows. □ 

Now, we can prove the main result of this work 

Theorem 6.7. Let < 5 < 2. For u G £(p~ 4+5 ), we have Uu E £{p~ A+5 ), 
Nu G £{p~ 2+5 ). Moreover, 

ft : £ (p~ 4+S ) — >• £(p~ 4+<5 ) is continuous, 
N : £(p~ i+& ) — > £(p~ 2+& ) is continuous. 

Proof. Let < 5 < 2. Let 0<^£ Cq°, X = 1 near P an d X = outside 
some small neighbourhood of p. Put /t = —g* ,7h x G £(/S, if (C, A 0,1 T*X)) 

and set -B = Nd h h. We take Suppx small enough so that (|3.1ip hold. Thus, 
I — B has a continuous inverse (I — B)~ l : L 2 (m) — > L 2 (m). Moreover, from 
Theorem 13.71 we know that (I — B)~ l can be continuously extended to: 

(6.42) (/ - B)- 1 : £(p- i+s ) -> £ (p~ i+s ). 
Put 

# = -ir>™(i - x )(n — n) — ( / + iT'™)ft + n*>™. 

From Theorem 16.61 and (|6.10p , we see that 

(6.43) £ : £ (p- 4+<5 ) -> f (p" 44 " 5 ) is continuous. 

From (IOTP and ([63]) . we see that S(I - -B)f (5 - ft) = Thus, 

(6.44) n-fl = ^(/- J B)- 1 ^S. 

m m 

Combining (1Q4")) with (|Q]L (f6T0D . (I6\l2l) and (16^31) . we conclude that 

(6.45) ft : £(/S~ 4+<5 ) ^(p- 44 - 5 ) is continuous. 
Put 

F = -R*>™(1 - X )(N-N)-(I + R*^)N + N*'™ - A>'™(ft - ft) - A>'™ft. 
From Theorem 16.61 (|6.1Up and (|6.45|) . we see that 

(6.46) F : £(p- i+s ) £(p- 2+s ) is continuous. 

From (IOTP and <^M), we see that S(J - B) jg (iV - iV) = F. Thus, 

(6.47) iV-iV= ™(I-B)- l ™F. 

m m 

Combining (16T4TP with <^M, (fBTTUD . (1021) and (HEM]), we conclude that 

(6.48) iV : ^p- 4 ^) f (p- 2+s ) is continuous. 

From (|6.45|) and (|6.48p . the theorem follows. □ 

From Theorem 16.41 Theorem 16.71 and Theorem 15.81 we obtain Theo- 
rem (L2J 
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7. The existence of distributions in the kernel of \J btl of 

SPECIFIC GROWTH RATE OF p 

In this section, we will complete the proof of Theorem 11.41 Near p, put 

(7.1) Gl§Ad§= (2i)v(z,t)dt Adz Adz. 

Prom (|1.1U|) and (|1.13p . it is straightforward to see that near p, we have 

(7.2) v ( z ,t ) = _L_ + -A + r ., re Sip' 1 ), 

where A is as in (|1.13p . Until further notice, we work in some small neigh- 
bourhood U of p and we work with the local coordinates (z,t). On U, let 
Z ,Z ,6 be the orthonormal basis of CT*X which is dual to Z\, Zj,—T. 
Then, db,iu = {Zju)Z l , u G C^(U). Moreover, it is straightforward to see 
that 

(7.3) dlM = (-Zt - ^L)g, \/g = gZ T G n° Q >\U), g G C?(U). 
From ()7.3p . we conclude that 

Lemma 7.1. We have 

a b ^ 1 u = dl 1 ((z T u)z J ) 

= (-Z 1 -^-)oZ T u, Vu££'(U)f]@'{X), 

where v is as in 



Put 
(7.5) 



iz „, lx 



ao = x(z,t)—2 G £ (p 

\z\ — it 

70 = -{2ir)ix{z,t)v~ 1 ^ 3 , 



where x € Cq°(U), < x ^ 1, X = 1 in some small neighbourhood of p, and 
tp is as in Theorem 14.41 We notice that Zi(ip) = 0. From this and (|7.3p . we 
see that 

(7.6) d* b l {^oZ l ) = near p, 

From ([TIP]) . (pj~T3"T) and ([721), [t is straightforward to see that 
Lemma 7.2. Near p, we have 

(7.7) %a = H)7r4 ^ + ^0, Ro££(p 2 " 

z\ — %ty 



(7.8) _J_ = _ 2 — ^ +R U RiES(p), 

v \z\ + it 

(7.9) to = h) ( } z t +l L +R ^ R ^ £ (p°y 

[\z\ — ity 

We need 

Lemma 7.3. We have D^iao £ £{[>~ 1 )- 
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Proof. From (|7.7p and (|7.9p . we have 

(7.10) □ft.xao = d* bA b a o ) = ^((70 -R 2 + R )Z T ), 

where Rq G £(f> 2 ), R2 G £(p ) are as in (|7.7p and (|7.9p respectively. Com- 
bining ([71U]) with (JZ3D, ([El]) and ( [ 7T5 ]) . the lemma follows. □ 

Put / := Db^ao G £(p -1 )- I n view of (jl.24p . we know that 11/ is well- 
defined and 11/ G £{p~ l ). Moreover, we have the following 

Proposition 7.4. With the notations used above, we have 11/ = 0. 

Proof. We have 

(7.11) / = O bA a = dt^Zjao)^ - 7o Z T ) + d 6 * 1 ( 7o Z T ). 
We first claim that 

(7.12) n(^ 5l ((Z T a )^ T - 7o^ T )) = 0. 

Note that (Z T a )Z T - 7o Z T G £(p°). We can find Uj G Qq' ^X), j = 1,2, . . ., 

Uj 

T7* 



{Z-olq)Z — "foZ in £(/S 7 ), for every < 7 < 1. Then, d b iUj 



d h ^((Z T a )Z l - joZ 1 ) in ^p" 1 " 7 ), for every < 7 < 1. In view of (fL2TD . 
we see that 



(7.13) 



nfe 1 ((z T «o)z 1 - 7o i 1 ; 



lim III 9 b 1 n J 

3— >oo x 



Since IIc^ 1 = on Domfl^ and SIq' 1 ^) C Domc^i, we conclude that 



n|^ 6 lUjj = 0, for each j. From this and (|7.13|) . the claim (|7.12p follows. 
Put h := d h 1 (7o-Z 1 ). We claim that 

(7.14) n/i = 0. 

In view of (|7.6p , we know that h = in some neighbourhood W of p, W (5= U. 
Take < r < ^ so that B(p,2r) d VF. For every < e < r, we can find 
(/> e G Cq°(B(p, r + e)) such that 4> £ = 1 on -B(x, r) and 

(7.15) Z-cfc . <Ce~ 2 



where C > independent of e. (This is always possible, see Chapter 1.4 in 
Hdrmander [8]). Since h = on -B(x, 2r), we have /i = (1 — e )/t, for every 
< e < r. Take g G Cq°(X). For every < e < r, we have 



Uh I 5 



(7.16) 



n((i l g 
h\(i- <p £ )u g 
70 I (z-cp £ )uh 



dlA-foZ 1 ) I (1 



,)Uh 



Note that Supp Zy<^ e C B(p, r + e) \B(p, r) and 70, II/i are bounded in some 
neighbourhood of B(p,r + e) \ B(p,r). Combining this observation with 
(|7TT5l) . (fTT6l) . we have 



(7.17) 



Uh I 5 



-2 



B(p,r+e)\B(p,r) 



mi < C^e , 
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where C\ > 0, C2 > are constants independent of e. Let e — > 0, we 

conclude that (II/i | g) =0. We have proved that for every k G 6^° (A"), 
V J mi 

(uh \k) =0. The claim (TTTiD follows. 

From fni]) . fTT2]) and fTTH]) . the proposition follows. □ 

From Lemma 17.3} Proposition 17.41 and Theorem \1.'S\ we obtain Theo- 
rem [T31 
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